Preprint typeset in JHEP style - HYPER VERSION 



Supersymmetric Index from Black Hole Entropy 



Atish Dabholkar 1 ' 2 , Joao Gomes 1 , Sameer Murthy 1 and Ashoke Sen 1,3 

1 Laboratoire de Physique Theorique et Hautes Energies (LPTHE) 
Universite Pierre et Marie Curie-Paris 6; CNRS UMR 7589 

Tour 13-14, 5 eme etage, Boite 126, 4 Place Jussieu, 75252 Paris Cedex 05, France 

2 Department of Theoretical Physics 
Tata Institute of Fundamental Research 
Homi Bhabha Rd, Mumbai 400 005, India 

3 Harish- Chandra Research Institute 

Chhatnag Road, Jhusi, Allahabad 211019, India 

Abstract: 

For BPS black holes with at least four unbroken supercharges, we describe how the macroscopic 
entropy can be used to compute an appropriate index, which can be then compared with the 
same index computed in the microscopic description. We obtain exact results incorporating 
all higher order quantum corrections in the limit when only one of the charges, representing 
momentum along an internal direction, approaches infinity keeping all other charges fixed at 
arbitrary finite values. In this limit, we find that the microscopic index is controlled by certain 
anomaly coefficients whereas the macroscopic index is controlled by the coefficients of certain 
Chern-Simons terms in the effective action. The equality between the macroscopic and the 
microscopic index then follows as a consequence of anomaly inflow. In contrast, the absolute 
degeneracy does not have any such simple expression in terms of the anomaly coefficients or 
coefficients of Chern-Simons terms. We apply our analysis to several examples of spinning black 
holes in five dimensions and non-spinning black holes in four dimensions to compute the index 
exactly in the limit when only one of the charges becomes large, and find perfect agreement with 
the result of exact microscopic counting. Our analysis resolves a puzzle involving M5-branes 
wrapped on a 5-cycle in K3 x T 3 . 
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1. Introduction and Summary of Results 



In a class of supersymmetric string theories with sixteen or more unbroken supercharges we 
now have a near complete understanding of the spectrum of BPS states |J 0, |3|, f|, |5|, || |7|, || [| 

0, niigiiiiii g, n, n, |3, m n, g |3i|, n, g, n, pj. 
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This makes these theories ideal testing ground for a comparison between the statistical entropy 
of an ensemble of states and the thermodynamic entropy of the corresponding BPS black hole. 
In particular, given such an exact knowledge of the microscopic degeneracy, one can aim for a 
possibly exact comparison with an appropriately defined macroscopic entropy that includes all 
subleading corrections. On the macroscopic side the subleading classical corrections arising from 
local higher derivative terms in the effective action can be incorporated using the Wald formula 
06j whereas the subleading quantum corrections, both perturbative and nonperturbative, can 
be incorporated using the framework of quantum entropy function |37| , j38| . These can then be 
compared with the subleading corrections on the microscopic side after carrying out a systematic 
asymptotic expansion of the exact formula. 

In carrying out such a comparison one needs to be careful about an important subtlety. 
On the macroscopic side, the black hole entropy defined from the first law of thermodynamics 
calculates the logarithm of the absolute degeneracy as required by the Boltzmann relation. 
On the other hand, on the microscopic side, one normally computes a supersymmetric index 
which receives contribution only from BPS states and hence is protected from any change under 
continuous deformations of the moduli of the theory. A priori the index and the degeneracy are 
not the same, and one could question the rationale behind comparing the degeneracy computed 
in the macroscopic side with the index computed on the microscopic side. 

One can proceed nevertheless following the dictum that whatever can get paired up will 
generically get paired up, and hence in the interacting theory the index equals the degeneracy. 
In many examples this strategy has worked very well for the leading entropy. However, there is 
no guarantee that it will work also for the subleading corrections. Indeed, there are a number 
of puzzles in the context of four-dimensional black holes where an appropriate index in the 
conformal field theory describing a system of branes and the macroscopic degeneracy computed 
from black hole entropy apparently differ at a subleading order |39], [40]. In the context of certain 
five-dimensional black holes in M-theory on K3 x T 2 and T 6 even the leading asymptotics of the 
microscopic index apparently disagrees with the black hole entropy since the microscopic index 



vanishes |4l|. One can remedy the situation in some cases by considering a modified index as 



suggested in |42|, f43|, [44], [31], £E|. However, there are examples such as the one-sixteenth BPS 
black hole in AdS$ where no microscopic index appears to have the right asymptotic growth 
that agrees with the black hole entropy f|6], |47|, [48], [49], ^(J . It is thus desirable both conceptually 
and practically to develop clear physical criteria for deciding when the black hole degeneracy is 
captured by a microscopic index and which particular index is relevant under what conditions. 
An argument based on the symmetries of the near horizon geometry of the black hole was 



suggested in p8fl . The basic idea is to use the black hole degeneracy as an input to compute 
an index on the macroscopic side and then compare this with the index computed on the 
microscopic side. This relies on the existence of an AdS2 factor in the near horizon geometry 
of extremal black holes. The natural boundary condition on the various fields in AdS2 is such 
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as to fix all the charges (including angular momentum) and let the dual chemical potentials 
fluctuate. In particular a spherically symmetric horizon, being invariant under rotation, will 
represent an ensemble of states all of which carry zero angular momentum. Thus if J denotes 
the third component of the angular momentum, and we define an index with the weight factor 
(— 1) F := exp(27riJ), then all the states which account for the entropy associated with the 
horizon will have (— 1) F = 1 and hence 

Tr(-1) F = Tr(l) . (1.1) 



Furthermore, if the black hole preserves at least four supersymmetries, then spherical symmetry 
is forced on us since the closure of the symmetry algebra implies that the supergroup of sym- 
metries is SU(1, 1|2). This contains an SU(2) factor which can be identified with a subgroup 
of spatial rotations. Thus for such black holes ( |1 . 1| ) holds and the index equals the degeneracy. 

This general argument needs to be further supplemented by taking into account the possible 
contribution from degrees of freedom living outside the horizon, - the hair modes 
These include in particular the fermion zero modes associated with the broken supersymmetry 
generators which account for the supermultiplet structure of a BPS state. The end result of 
this analysis expresses an appropriate index (helicity trace index) for the full black hole as the 
product of the degeneracy associated with the horizon (or horizons in case of multi-centered 
black holes) and the same helicity trace index for the hair degrees of freedom []38 |. Since the 
contribution from the hair modes is usually small this explians why the black hole entropy 
represents the logarithm of an index to leading order. But this argument also tells us that at 
the subleading order we must take into account the effect of the hair modes while comparing the 
black hole entropy with the logarithm of the microscopic index. Indeed, without the hair modes 
one runs into internal inconsistencies when two different black hole solutions have identical near 



horizon geometries [51, 52 



The above line of argument thus gives us a precise route for computing an index from 
the macroscopic viewpoint which can then be compared with the microscopic results for the 
same index. However, explicit computation of the index on the macroscopic side is often 
quite challenging for two reasons. First, computing the entropy associated with the horizon 
requires us to carry out a path integral over the string fields in the near horizon geometry 
of the black hole. Second this procedure requires us to explicitly identify the hair modes by 
analyzing supersymmetric deformations of the (mufti-) black hole solution and then quantizing 
them. These difficulties have been overcome in special cases in various approximations, often 
leading to non-trivial agreement between the macroscopic and microscopic results not only at 
the perturbative level || || [T| but also at the non-perturbative level [|53], |38|, |54|, |55], |29|, |56| . 



Furthermore this formalism also predicts correctly the sign of the index from the macroscopic 



side which agrees with the results of the microscopic analysis in a wide class of theories [38, 57 
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In this paper we develop an alternative line of argument for computing the index on the 
macroscopic side in a special limit when only one of the charges carried by the black hole, 
representing momentum along an internal circle S 1 in some duality frame, becomes large. Even 
though this does not allow us to access the most general charge configuration, it provides a 
practical method for an exact computation for sufficiently general configurations for which all 
charges except the momentum can take any finite value. Moreover, by changing duality frames, 
one can choose different charges to play the role of the momentum that is becoming large and 
thus explore different regions of the charge lattice. 

In the limit described above, the near horizon geometry of the black hole coincides with the 
near horizon geometry of an extremal BTZ black hole times a compact internal space K. f)8[ [59], 
[30|j . Furthermore, by taking the limit in which the asymptotic radius of S 1 approaches infinity, 
we can ensure that the full black hole geometry has an intermediate region where the space-time 
has the form of AdS% x /C, and the near horizon geometry is embedded in this geometry as 



an extremal BTZ black hole [pT| . In this case, up to some additional contributions described 
below, the degeneracy associated with this black hole can be regarded as the degeneracy of 
states in the CFT 2 dual to the AdS$, and in the limit of large momentum along S 1 this is given 
by the Cardy formula. Thus computation of the degeneracy reduces to the computation of the 
central charge of the dual CFT 2 , which, as will be reviewed below, can be computed in terms 
of coefficients of the Chern-Simons term in the action of the bulk theory fH^]. 1 Note that this 



degeneracy includes the contribution from the black hole horizon, any hair modes which live 
outside the black hole horizon but inside the asymptotic AdS% x K, geometry, and also multi- 
centered black hole configurations in AdS$ (if they exist). This is not a problem since these 
must be included in the counting of states anyway. On the other hand this does not include 
the contribution from any modes which might live at the boundary of AdS% x K, or between 
AdS% x K. and the asymptotic space-time. By an abuse of notation we shall call these the 
exterior modes, - these will include for example the analog of the U(l) gauge fields for string 
theory in AdS$ x S 5 |j4, ^5|, q7|. Thus the contribution from these exterior modes need to 



be computed explicitly and combined with the CFT 2 contribution to get the full microscopic 
degeneracy. 

Let us now turn to the computation of the index in the macroscopic theory. For this we 
first need to know which index in we should calculate. In order that we can compare the 
macroscopic results with the microscopic results it is important that we begin with an index 
whose definition does not require any prior knowledge of either the macroscopic geometry or 
the microscopic description of the system, but only on the charges and angular momenta of 



1 Although we are using the language of the holographically dual CFT2, the computation is based on macro- 
scopic analysis since the central charge is calculated from the effective action rather than from a microscopic 
calculation. This is also reinforced by the fact that for BTZ black holes Wald's formula J36J for the entropy 
takes the form of Cardy formula [p2L BOl p3[ . 
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the state which can be measured unambiguously by an asymptotic observer. We shall call 
such an index a space-time index. In order that the index can be reliably computed on both 
sides we need to pick an appropriate space-time index which receives contribution from the 
BPS states under consideration but not from non-BPS states. In four dimensions this involves 



computing appropriate helicity supertraces [|^, [43|, [44| whereas in five dimensions one can use 
a slightly different version described e.g. in JJT]. In either case this index involves computing 
a trace of P multiplied by some polynomial in the angular momenta over states carrying a 
fixed set of charges, where P - the analog of (— 1) F for the Witten index - is a H2 symmetry 
generator under which the unbroken supersymmetry generators have odd parity. The role of 
the angular momentum factor is to soak up the fermion zero modes arising from the P-odd 
broken supersymmetries. In the macroscopic description the contribution to this index comes 
from two separate sources: the bulk of Ad S3 and the exterior modes. By carefully analyzing the 
traces over these modes, and taking into account the fact that the fermion zero modes arising 
from the P-odd broken supersymmetries are part of the exterior modes, one finds that the full 
index involves a trace of P in the CFT2 dual to the bulk of AdS% and the trace of P together 
with the angular momentum factors over the exterior modes. 

For black holes which preserve at least four supercharges, the AdS 3 background that appears 
in the intermediate region has at least (0, 4) supersymmetry in the associated supergravity the- 
ory. Thus the dual CFT2 is actually a (0,4) superconformal theory with an SU(2) R-symmetry 
group. Furthermore this R-symmetry group can be identified with the spatial rotation group 
or one of its subgroups. One finds that the operator P restricted to this CFT2 can be identified 
as Tr((— 1) 2Jr ) where Jr denotes the generator of the U(l) subgroup of SU(2)r. Thus the 
relevant CFT 2 index that appears in the expression for the space-time index is Tr((— 1) 2Jr ), 
with the trace taken over the Ramond sector states of the CFT2 carrying different values of 
Jr but fixed values of (L — L ) = p, and fixed values of all the U(l) charges associated with 
left-moving currents. This index receives non-vanishing contribution only from the Ramond 
sector ground states of the right-moving excitations of the CFT2, i.e. only from states with 
Lq = 0, Lq = p. Now in the absence of the (— 1) 2Jr insertion in the trace the large p behaviour 
of this index is given by the Cardy formula and is determined by the left-moving Virasoro cen- 
tral charge cl as well as the levels of various left-moving U(l) current algebras under which the 
state carries charges. We shall argue in §|2| that the insertion of (— 1) 2Jr does not change this 
behaviour since the effect of (—1) 2Jr under a modular transformation is to introduce a twist 
on the right-movers but does not affect the left-moving ground state. Thus the contribution to 
the index from the CFT 2 is given by the Cardy formula. Combining this with the contribution 
from the exterior modes we can then recover the full macroscopic index. 

While this gives a procedure for computing the index, the explicit computation still suffers 
from various technical complications. First of all in this approach we need to identify the 
exterior modes and compute their contribution to the index explicity. Furthermore to compute 
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the contribution to the index from the bulk of AdS^ we need the central charge and the levels of 
the U(l) current algebra. While these can be related to the coefficients of various Chern-Simons 
terms in the intermediate geometry that contains the AdS% factor, we still need to compute these 
coefficients after taking into account the effect of higher derivative and quantum corrections. 
There is however a further simplification that allows us to calculate the total index directly 
without having to compute separately the exterior and the bulk contribution. We shall argue 
that when one combines the contribution to the index from the bulk of AdS% and the exterior 
modes to compute the total index, the result is determined in terms of coefficients of Chern- 
Simons terms computed in the asymptotic space-time in which the black hole is embedded instead 
of in the intermediate geometry containing the AdS% factor. The former can be calculated 
explicitly, yielding an exact expression for the total contribution to the index in the p — > oo 
limit. Note that if instead of computing the index we had been computing the degeneracy, then 
no such simplification occurs, and we really need to compute separately the contribution from 
the bulk and the exterior modes and combine them to get the full result. 

Armed with this result, we carry out explicit computation of the macroscopic results for the 
space-time index for four and five dimensional black holes in type IIB string theory compactified 
on K3 x T 2 , T 6 , K3 xS 1 and T 5 in different limits in which only one of the charges becomes large 
keeping the other charges fixed. We then compute the same space-time index on the microscopic 
side and compare this with the macroscopic results. For the microscopic computation we use 
two different techniques: we can begin with the exact formula for the index in string theories 
with 16 or 32 unbroken supersymmetries and study its limit when one of the charges becomes 
large, or we can represent the microscopic system as a configuration of M5-brane wrapped on 
P x S 1 where P and S l are appropriate four and one cycles of the compact space and then 
calculate its index in the limit of large momentum along S 1 using a Cardy like formula. Note 
that in the latter approach we need to use a generalization of the Cardy formula that determines 
the growth of the index rather than the degeneracy. In all cases, we find that the macroscopic 
prediction for the index always agrees with the microscopic index in the large momentum limit 
even for finite values of the other charges. 

The results of our analysis are summarized below in tables [I] and 0. In these tables d macro 
denotes the macroscopic result for the appropriate space-time index and d micro denotes the 
result of microscopic computation of the same space-time index. Below we give more detailed 
explanation of the various entries in these tables. 

• Five-dimensional black holes 

Table [l] shows the results for spinning five- dimensional black holes in Type-IIB string the- 
ory compactified on M. x S 1 , carrying Q 5 units of D5-brane charge wrapped on M. x S 1 , 
Qi units of Dl-brane charge wrapped on S 1 , momentum n along S 1 and angular momen- 
tum J. The second column of this table contains information about the limits we consider 
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log d ri 



2tt J Q X Q 5 (n-4<& 



log d n 
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Cardy 



27rJg 5 (n + 3) (Qi - 



y4 



Type-IIB 
Cardy 



2ttJQxQ 5 (n 



J* 



4QiQe 



Table 1: Results for five-dimensional black holes for Type-IIB compactification on A4 x S . 



and the frame that we use for computing d macro in these limits. In particular while in 
the Type-IIB Cardy limit (^n — 4 g J 1 Q r j — * oo, we carry out the macroscopic computation 

directly in the type IIB frame, in the Type-IIA Cardy limit (0\ 



j 2 

need to go to a dual type IIA frame where Q\ appears as the momentum. 



— > oo, we 



Four- dimensional black holes 

Table ^ shows the results for four- dimensional non-spinning black holes in M-theory com- 
pactified on Ai x T 2 x S 1 , carrying Q\ units of M5-brane charge wrapped on Ci x T 2 x S , 
Qs units of M5-brane charge wrapped on C2 x T 2 x S 1 , K units of M5-brane charge 
wrapped on M. x S 1 and n units of momentum along S 1 . Here C2 and C2 denote a pair 
of dual 2-cycles of Ai. The limit we consider is n — > 00 which corresponds to taking the 
Lq eigenvalue large in the boundary CFT 2 . 



M 


log dfnacro 


log d m i cro 


K3 


2n y /(Q 1 Q 5 K + 4K)n 


2n y /(Q 1 Q 5 K + AK)n 


rp4 


27r v /(Q 1 Q 5 A> 


2n v '(Q 1 Q 5 K)n 



Table 2: Results for four-dimensional black holes for M-theory compactified on A4 x T 2 x S . 



The results in both tables clearly show that the macroscopic prediction d macro for the space-time 
index always agrees with the microscopic prediction d m i cro for the same index. 
There are several novelties in our analysis which are worth emphasizing: 

1. The formula? quoted in the two tables are exact in the limits mentioned, i.e. they hold 
even when the charges other than the one which is taken to infinity are finite. Thus, they 
go far beyond the supergravity approximation and incorporate the effects of a' and string 
loop corrections. On the macroscopic side this is achieved by an exact computation of 
the coefficients of certain Chern-Simons terms in the action whereas on the microscopic 
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side this is achieved by the use of an exact microscopic formula for the index evaluated 
in the same limits as described above. 

2. In all cases, the limits that we consider can be regarded as a Cardy limit of a CFT 2 in 
an appropriate duality frame. If the underlying CFT 2 is weakly coupled in this duality 
frame, we can calculate d m i cro with the help of the Cardy like formula for the index and 
degeneracy. This is the case for the Type-IIB Cardy limit in Table [TJ However in some 
cases, the microscopic configuration may contain a set of NS5-branes and as a result, a 
weakly coupled description of the CFT 2 may not be available. This is the case for the 
type IIA Cardy limit in Table [I]. 

3. Since d micro is an index which does not change under duality 2 , one might expect that 
dmicro can always be computed in an appropriate duality frame where a weakly coupled 
CFT 2 description is available. Indeed for all the examples in Table [1], a weakly coupled 
CFT 2 description is available in the Type-IIB frame, and this allows us to compute d m i cro . 
However, under this duality, the type IIA Cardy limit corresponds to an 'anti-Cardy' limit 
(Lo eigenvalue fixed and c large) in the Type-IIB frame. As a result, usual methods of 
asymptotic evaluations are not applicable. One can nevertheless compute the asymptotics 
in this limit from the exact formula using the methods of |68|, [69|] which cleverly exploit 
the additional symmetries of the exact counting function. 



4. Our result for four dimensional black holes resolves a puzzle raised in |39|, |4(| involving 
black holes in M-theory compactified on K3 x T 3 . A naive application of the results of 



60| without accounting for the different treatment required for the CFT 2 dual to the 
bulk of AdS3 and the exterior modes led to an apparent mismatch between black hole 
entropy and the logarithm of the microscopic degeneracy. For example, if one evaluates 
the absolute degeneracy in the microscopic theory at weak coupling, then one obtains 
27Ta/ (Q1Q5K + QK)n for the logarithm of the absolute degeneracy which differs from 
the correct macroscopic answer at sub- leading order. In contrast, our analysis leads 
to a perfect agreement between the microscopic and the macroscopic results as shown in 
Table @. This example thus underscores the necessity and utility of defining a macroscopic 
supersymmetric index from black hole entropy for correct comparisons with microscopic 
computations. 

Our analysis also gives explicit form of the entropy of five dimensional spinning black holes 
after taking into account the effect of higher derivative corrections. Previous attempts 
to do this involved using a specific set of higher derivative terms in the five dimensional 
effective action [|7[], 71, |72fl . In contrast our analysis relies on the ability to express the 



entropy in terms of coefficients of certain Chern-Simons terms in the action, and is exact 



2 In general, the index can also jump because of wall-crossings but in the TV = 4 context these are exponentially 
subleading corrections not relevant to the present analysis. 
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in the limit considered. This also agrees with the prediction from the microscopic side 
based on the exact formula for the index. 



For M5 branes wrapped on S 1 times a four cycle of a generic Calabi-Yau manifold, ref. 
|5U| presented an argument explaining why the microscopic and the macroscopic entropy would 



always agree in the Cardy limit. This argument was based on the observation that in a (1+1) 
dimensional conformal field theory with (0,4) world-sheet supersymmetry, the Virasoro central 
charge cr carried by the right movers is related to the level of the right- moving SU(2) R- 
symmetry current. This in turn is related to the anomaly in this R-symmetry current. Using 
anomaly inflow and identifying the SU(2) R-symmetry current as (a subgroup of) the spatial 
rotation one can relate this to the coefficient of the SU(2) Chern-Simons terms in the effective 
action. Furthermore the difference cl — cr between the left- and right-moving central charges 
is related to the gravitational anomaly in the world-sheet theory of the brane system which 
in turn is related to the coefficient of the gravitational Chern-Simons term in the effective 
action of string theory. Using these one can express the central charge cl of the left-moving 
Virasoro algebra - which controls the growth of the microscopic degeneracy - in terms of the 
gravitational and SU(2) Chern-Simons terms in the effective action. The latter in turn controls 
the black hole entropy, leading to the equality between the macroscopic and the microscopic 
entropy. 

In our examples, the Calabi-Yau manifold is either K3 x T 2 or T 6 . Since the systems we 
analyze also have four unbroken supersymmetries, it is natural to ask if similar argument can 
be used to explain the agreement between the microscopic and the macroscopic entropies in 
our systems. The main additional complication that arises in our case is the failure of the 
identification of the R-symmetry current of the microscopic theory with the spatial rotation 
group. We find that while for the part of the microscopic system that controls most of the 
entropy this identification is correct; it fails for a small component. 3 A simple example of this 
is provided by the scalar modes representing transverse oscillation of the brane. These are non- 
chiral modes on the brane world- volume and transform in the (2^, 2#) representation of the 
rotation group SU(2)i x SU(2)r in five dimensions and 3 representation of the rotation group 
SU (2) in four dimensions. For definiteness let us focus on the five dimensional case. In order to 
identify the SU(2)r subgroup of the rotation group in five dimensions as the right-moving R- 
symmetry on the brane world- volume this must act trivially on the left-movers. This clearly fails 
for the left-moving part of the above scalars which transform in the fundamental representation 
of SU (2)r. As a result the total anomaly in the SU (2)r spatial rotation symmetry is not related 
to the level of the 577(2) R-symmetry current in the world-sheet theory, and the growth of the 



3 A similar mismatch was found in J73| between the modes living on the Coulomb and the Higgs branch of 
the D1-D5 system. Here the disagreement is between different components of the CFT at the same point in the 
moduli space. 
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degeneracy of the microscopic system is no longer controlled by the anomaly coefficients which 
can be directly related to the coefficients of the Chern-Simons terms in the effective action. A 
similar problem occurs in the macroscopic description. For the CFT that is holographically 
dual to the bulk of the AdS^ factor appearing in the near horizon geometry, the R-symmetry 
can be identified as the spatial SU(2)r rotational symmetry acting on the space transverse to 
AdSz- But this identification need not hold for the exterior modes which might live on the 
boundary of AdS^ - the analog of the U(l) super Yang-Mills theory for type IIB supergravity 
on AdS$ x S 5 - or between AdS$ and the asymptotic infinity. In particular these modes include 
the transverse oscillation modes of the brane which fail to satisfy the conditions needed for 
identifying the R-symmetry with spatial SU(2)r rotation. For this reason the coefficients of 
the Chern-Simons terms in the effective action do not directly give us information about the 
growth of the degeneracy obtained by combining the black hole entropy with the contribution 
from these additional exterior modes. Remarkably however we find that the results on both 
sides simplifiy when we focus on an appropriate index rather than the absolute degeneracy. 
In the microscopic theory we find that the growth of the index is directly controlled by the 
gravitational and rotational anomaly coefficients exactly as they would have controlled the 
growth of the degeneracy if the subtle difference between the R-symmetry transformation and 
spatial rotation had been absent. On the macroscopic side we find that total contribution to 
the index from the black hole living in the bulk of AdSs and the exterior modes is controlled by 
the coefficients of the Chern-Simons terms in the effective action in the asymptotic space-time 
in which the black hole is embedded. Since the latter are related to the anomaly coefficients in 
the microscopic theory this allows us to establish the equality between the microscopic and the 
macroscopic index. 

The rest of the paper is organized as follows. In we review the argument relating the 
black hole entropy to an index, and give an alternative argument leading to similar results 
for special class of black holes whose near horizon geometry contains a locally AdS^ factor. 
In §|] we compute the macroscopic index of a class of spinning five dimensional black holes 
and non-spinning four dimensional black holes in appropriate limit in which the near horizon 
geometry develops an AdS% factor. In §[| we complement the analysis of by including the 
effect of the exterior contribution to the macroscopic index. In §[5] we use the known expressions 
for the exact microscopic index of these systems to extract its behaviour in the various Cardy 
limits and find perfect agreement with the macroscopic results of §|3] and |j. In we repeat the 
analysis of using the M-theory description for the four dimensional black holes. While in this 
description we cannot calculate the index exactly, we can compute it in the Cardy limit and find 
precise agreement with the results of §[5]. Both in §[5] and §|] we also calculate the microscopic 
degeneracy whenever there is an underlying two dimensional weakly coupled conformal field 
theory, and find that in some cases they differ from the microscopic values of the space-time 
index. In §[?] we give a general proof of why the microscopic and the macroscopic computation 



- 10 - 



of the index must always agree. This argument is a generalization of the argument of |K| by 
taking into account existence of degrees of freedom for which the R-symmetry generators of the 
world-sheet theory do not always match with the spatial rotation generators - a fact that was 
crucial in the argument of . This analysis also explains why the degeneracy and index do not 
always grow at the same rate. In appendix [A] we describe the computation of the coeffcients of 
the Chern-Simons terms which arise from dimensional reduction of gauge invariant Lagrangian 
density in higher dimensions. In appendix [B| we complement the analysis of asymptotic growth 
of the exact microscopic index in §||] by demonstrating that some terms, which were ignored in 
the analysis of §|5|, are indeed small compared to the leading terms. 



2. Computing the Index in the Macroscopic Theory 

In this section we first introduce the relevant indices for counting BPS states in four and five 
dimensional black holes and then review the argument of [38, [73]] as to how the degeneracy of a 
supersymmetric black hole, computed by exponentiating the entropy, can be used to compute a 
macroscopic index that can be compared with a microscopic index. We then give an alternative 
version of this argument that applies to the special case of black holes with locally AdS^ factors 
in their near horizon geometry. 

We begin by defining the helicity trace index in four dimensions. Due to Lorentz invariance 
the number of supercharges in a four dimensional theory is always a multiple of 4; furthermore 
the number of supersymmetries preserved by a state is also a multiple of 4. If we consider a 
black hole that breaks altogether 4k supercharges, then the standard index for counting these 
states is the helicity trace index B 2 k defined as [031, 03], H4] 



B2k = j2k)\ Tr [ ( ~ 1)F(2/l)2fc ] = (2jfe)I Tr (2/l)2fc ] ' (2 ' 1} 

where h is the third component of the angular momentum of a state in the rest frame, and the 
trace is taken over all states carrying a given set of charges. In order that a given state gives a 
non-vanishing contribution to this index, the number of supersymmetries broken by the state 
must be less than or equal to 4k; otherwise trace over the fermion zero modes associated with 
the broken supersymmetries will make the trace vanish. On the other hand if we have states 
with precisely 4k broken supersymmetries then B 2 k receives contribution from these states, but 
not from any other state with more than 4k broken supersymmetries. Since quantization of 
each pair of fermion zero modes produces a pair of states carrying h = ±|, the trace over the 
4k fermion zero modes associated with the broken supersymmetries is given by 



e 



W2 - e- in/2 ) 2k {2k)\/2 2k = (-l) k {2k)\ . (2.2) 
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The (2k)l term arises from the binomial expansion of (2h) 2k after expressing h as the sum of 
contributions from different pairs. This cancels the similar factor in the denominator in ( |2.1|) , 
leaving behind a contribution of (— l) fe . 

It is easy to find a generalization of this in five dimensions. The spatial rotation group in five 
dimensions is SU(2) L x SU(2) R . We shall denote by J L and J R their U{\) generators. Among 
the set of all the supersymmetry generators of the theory, half belong to (2^, 1^) representation 
of 377(2) L x SU(2) R and the other half belong to the (1 L , 2 R ) representation of SU{2) L x SU{2) R . 
For a state preserving 4 supersymmetries, the unbroken supersymmetry generators can be either 
in the (2^, 1^) or in the 2 r ) representation; we shall choose the convention in which they 
are in the (1^,2^) representation. The rest of the supersymmetry generators will be broken, 
giving rise to fermion zero modes carrying the quantum numbers of the broken generators. Let 
4k be the number of broken generators in the 2 r ) representation. We now consider the 



index 31 



C 2k = { -^Tr[(-l) 2J »(2J R ) 2k ] , (2.3) 

where the trace is taken over all states carrying a fixed value of Jl and fixed set of charges but 
all possible values of J R . Without the (2J R ) 2h factor the trace over the (1^,2^) fermion zero 
modes carrying (Jl,Jr) = (0, ±|) would make the trace vanish. However the {2J R ) 2k factor 
soaks up the 2k pairs of fermion zero modes exactly as in the case of four dimensional black 
holes and gives a non-vanishing result. There are also (2^, 1 R ) fermion zero modes carrying 
(7l, Jr) = (±|,0), but they do not make the trace vanish since the trace is taken over states 
carrying a fixed J^. It is also easy to see that the non-BPS states do not contribute to this 
index. They would have additional fermion zero modes in the (1^, 2 R ) representation and hence 
trace over these fermion zero modes would make the index vanish. 

As an example, we can consider the BMPV black hole [[75] in type IIB string theory com- 
pactified on K3 x S 1 . This breaks 12 out of 16 supersymmetries. Eight of the broken super- 
symmetry generators are in the (2l, 1 R ) representation, four of the broken generators are in 
the (1^, 2 R ) representation and the four unbroken generators are in the (1^, 2 R ) representation. 
Since there are four broken generators in the (1^, 2 R ) representation the argument given above 
shows that the relevant index is C 2 . Similarly if we consider BMPV black hole in type IIB string 
theory on T 4 x S 1 then it breaks 28 of the 32 supersymmetries, with 16 broken generators in 
the (2l, 1 r ) representation, 12 broken generators in the (1^, 2 R ) representation and 4 unbroken 
generators in the (1^,2^) representation. The index required for counting these states is Cq. 

Let us now compute the contribution to these indices from BPS black holes with four 
supercharges. For definiteness we begin with a four dimensional black hole breaking 4k su- 
persymmetries and compute the index B 2 k- The net contribution to the index from a black 
hole can be expressed as a sum of products of the contributions from the horizon and the hair 
51 , [38], 52| ; this could involve contribution from multiple horizons for multi-centered black 
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holes. Let us first focus on the contribution from single centered black holes. Since the fermion 
zero modes associated with broken supersymmetries live outside the horizon and hence are part 
of the hair degrees of freedom of the black hole |52|, 4 we can express the contribution to 
the index from the black hole as 

B2k = (2MI [ Tr h°r(- 1 ) 2hh ° r ] [Tr hatr (-l) 2hh -(2h hmr ) 2k ] , (2.4) 

where hh or and hhair denote the helicities carried by the hair and the horizon. For states carrying 
a fixed set of charges q this can be expressed as 

B2k{<l) — 2_j By;hor{(jhor)B2k;hair{Q ~ Qhor) , (2.5) 

Qhor 

where 

B 0Mr (q) = Tr hor , q i-l) 2h ^ , (2.6) 

and 

B 2 k;hair(q) = Tr hair , (j {-lf h ^{2h hair ) 2k . (2.7) 

Here q in the subscript of Tr denotes that the trace is being taken over states carrying a fixed 
set of charges q. We now argue that if the black hole has 4 unbroken supersymmetries and if its 
near horizon geometry has an AdS 2 factor, then it must carry hh or = 0. The argument goes as 
follows. The closure of the SL(2,R) isometry of the near horizon geometry, and the unbroken 
supersymmetries requires that the near horizon geometry has the full s«(l, 1|2) symmetry 
algebra. This includes su(2) as a subalgebra, forcing the horizon to be spherically symmetric 
and hence carry zero angular momentum. 5 This gives 

B 0;hor {q) = Tr hor . q i-l) 2h ^ = Tr hor;q {l) = d hor {q) , (2.8) 

where dh or (q) is the degeneracy associated with the horizon degrees of freedom for charge q. In 
the classical limit it is given by the exponential of the Wald entropy, but more generally it can 



4 The fermion zero mode associated with a broken supersymmetry generator can be constructed as follows. 
We make a supersymmetry transformation of the original solution by an infinitesimal parameter that approaches 
a constant spinor corresponding to the broken generator at infinity and vanishes for r < a for some constant a. 
By choosing a such that the horizon lies at r < a we can ensure that such deformations live outside the horizon 
and hence are part of the hair degrees of freedom. 

5 In asymptotically Minkowski space-time or AdSd space-time with d > 4, where the asymptotic boundary 
conditions are set by the chemical potentials instead of the charges, the spherical symmetry of the background 
will correspond to evaluating the partition function at zero value of the chemical potential conjugate to the 
angular momentum. However the path integral over the string fields in the near horizon AdS^ geometry that 
is used to compute the horizon degeneracy must be carried out over configurations carrying fixed values of the 
total charges including angular momentum | fj7[ |76| . Thus in this case spherical symmetry implies zero value of 
the angular momentum carried by the black hole. 
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be computed from the path integral over the string fields in the near horizon geometry [p7 |. 
Using (p75|) and ( [2.8| ) we get the contribution to B 2k from the black hole 

B 2 k(q) = dhor(qhor)B2k;hair(q — Qhair) ■ (2.9) 

Qhor 

B-2k;hair{o) can t> e computed once we have identified the hair degrees of freedom of the black 
hole. Thus (|2.9|) can be used to make a prediction for the index B 2 k(q) from the macroscopic 
side. Note also that since dhorio) is positive ( ^9l) makes a definite prediction for the sign of B 2 k 
provided we have sufficient knowledge of B 2 k;hair- in particular in situations where the only hair 
modes are the fermion zero modes associated with broken supersymmetries, we have cfhair = 0, 
B2k,hair = (~ 1) an d hence (— l) k B 2 k = dhor > 0. As was shown in |38], the macroscopic 
prediction for the sign of B 6 agrees with the result of explicit microscopic computation for 
all the M = 4 supersymmetric string theories for which this index has been computed. The 



generalization of ( |2.9| ) to multi-centered black holes is straightforward; since each center carries 
zero angular momentum due to supersymmetry, the contribution to B 2 k will be given by a 
formula analogous to (^.9|), with d\ lor replaced by the product of d hor from each center and we 
have to sum over all possible ways of distributing the total charge among the horizon and the 
hair. 

This argument has a straightforward generalization to five dimensions with h replaced by 
Jr. Incidentally, this reasoning also implies the well-known facts that the horizon of a su- 
persymmetric black hole cannot carry any spin in four dimensions, and that the horizon of a 
supersymmetric black hole can carry only the SU(2)l spin in five dimensions. Also this argu- 
ment does not generalize to the problematic one-sixteenth BPS black holes in AdS§ since they 
have too little supersymmetry, and the completion of the algebra containing the supersymmetry 
generators and the SL(2, R) isometry of AdS 2 do not force us to have an SU(2) symmetry in 
the near horizon geometry. 

While this argument explains the relation between the index and degeneracy, applying 
this argument to compute the contribution to the index from the macroscopic side requires 



identifying explicitly the hair modes of the black hole which is not always an easy task |5T], [52 
Also this would require computing dh or by evaluating the path integral over string fields in the 
near horizon background geometry J57I] - another difficult problem. For these reasons we shall 
now give an alternative approach to computing the index on the macroscopic side which is in 
the same spirit but differs in details. If we consider a black hole for which one of the charges 
can be identified as an internal momentum along some circle S 1 , and if we consider a limit in 
which this momentum becomes large keeping all the other charges fixed, then the near horizon 
geometry of such a black hole is known to develop a locally AdS% factor by combining the near 
horizon AdS 2 geometry with this internal circle S 1 [[581 , jH - Furthermore if we now adjust the 
asymptotic moduli fields in such a way that we take the asymptotic value of the radius of S 1 
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to infinity keeping all the other moduli fixed, then the solution also develops a global AdS^ 
factor in the intermediate region, and the black hole solution can now be regarded as the BTZ 



black hole living in this asymptotically AdS^ space-time [77, 78, 61]. The classical entropy 



of this black hole has the form of a Cardy formula, with the central charge given by some 



specific function of the parameters of the Lagrangian [62, 50, B3|. Thus the classical black hole 



entropy can be reinterpreted as the Cardy formula of the CFT 2 that is holographically dual to 
string theory in this geometry. Since the Cardy formula in CFT2 is expected to hold in the full 
quantum theory this suggests that we can use Cardy formula as the quantum generalization of 
the black hole entropy. The problem of computing the quantum corrected entropy of the black 
hole then reduces to the problem of computing the quantum corrected central charge. Since we 
do not have direct knowledge of the CFT 2 , this has to be computed using the data in the bulk 
theory after taking into account quantum corrections to the bulk effective action. In this sense 
the entropy computed this way is still the macroscopic entropy. 

There are however several subtleties overlooked in the above discussion. First of all the 
Cardy formula is supposed to count total degeneracy of states in CFT 2 without caring about 
whether they are represented as single or multicentered black holes inside AdS%, or whether 
the contribution comes from the horizon or the hair modes. So the above definition of the 
black hole entropy includes all of these contributions. This is not a serious problem since 
in order to compare the macroscopic result with the microscopic result we need to sum over 
all the contributions on the macroscopic side in any case. The microscopic degeneracy may 
also receive contribution from configurations with multiple AdSs throat | 61| , but this can be 
avoided by working in appropriate domains in the moduli space. In any case in theories with 
16 or more supercharges the contribution from the multicentered black holes is small and we 
shall ignore their contribution in our analysis. The main complication arises from the fact that 
the degeneracy of the CFT 2 dual to the theory living on the bulk of AdSs does not capture all 
the degrees of freedom of the system. There may be additional degrees of freedom living on 
the boundary of AdS^ (analogous to the U(l) factor for AdS$ |79fl), or in the region between 
AdS% and the asymptotic infinity. This will in particular include the Goldstino fermion zero 
modes associated with supersymmetries which are broken by the AdS^ background. We shall 
collectively call all such modes exterior modes. 6 Since in the limit we are considering - taking the 
asymptotic radius of S l to infinity keeping the momentum quantum number fixed - the physical 

6 The need for separating out the exterior modes can be seen as follows. In the microscopic theory where 
the dynamics is described by that of an oscillating string there are a set of degrees of freedom associated with 
the center of mass motion which are decoupled from the rest of the degrees of freedom. This decoupling in the 
infrared limit follows from Goldstone's theorem and is expected to be exact even in the full interacting theory. 
Thus if the CFT2 dual to AdS^ had contained the full set of degrees of freedom of the black hole then this 
CFT will be given by a sum of two (or more) CFT's which do not interact with each other. Thus we can define 
two stress tensors and hence there must be two gravitons in the bulk theory, in contradiction to what we see. 
Furthermore in the bulk theory the SU(2) R-symmetry group of (0,4) supersymmetry can be directly related 
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momentum vanishes, part of the black hole solution lying between the asymptotic space-time 
and the intermediate Ad S3 region has full 1+1 dimensional Lorentz symmetry. Thus we would 
expect the dynamics of the exterior modes to be described by some (1 + 1) dimensional field 
theory. Their contribution has to be combined with the Cardy formula to recover the total 
degeneracy of states. 

So far we have talked about degeneracy, but our real interest is in the index. Let us now 
see how the above discussion will change when we try to compute the index instead of the 
degeneracy. Again for definiteness we shall first consider four dimensional black holes and 
compute the index B 2k . Denoting by h bu i k and h exterior the contribution to h from the degrees 
of freedom living in the bulk and the exterior of AdS3, we can express the trace appearing in 
(B as 

B2k = TV [e 27Tl{hbM+hexte "° r) (2h Mk + 2h extenor ) 2k ] . (2.10) 

For simplicity we shall assume that the supersymmetries broken by the black hole are also 
broken by the intermediate AdS% region, i.e. the black hole, when regarded as a solution in 
AdSs, does not break any further supersymmetry. 7 In this case all the fermion zero modes 
associated with broken supersymmetry are part of the exterior degrees of freedom, and in 
order to get a non-vanishing contribution to the trace in (|2.10|) we need to pick the factor of 



(2h exter i or ) 2k from the binomial expansion of {2hbuik + 2h exter ior) 2k ■ This gives 

B 2k = (2k) \ [ e2W ^ hbulk+heXterl ° rS> {2h exter ior) 2kl \ = B bu i k (q bu i k ) B 2k . exterior (q ~ Qbulk) , (2-11) 

where B buUt = Tr bu i k e 2mhbulk in a fixed charge sector. 

In the Cardy limit one of the charges, which we shall call p, becomes large. We shall denote 
by Q the rest of the charges and denote by ~ the Fourier transform of various quantities B 2k , 
B2k-,exterior etc. with respect to the charge p. For example 

B 2k (Q, r) = J2 B 2 k(Q,p) e 2mpT , (2.12) 
p 

etc. We shall now make the assumption that the exterior modes do not carry any charge other 
than p, so that in the sum in ( 2.11]) Q bu ik is always equal to Q. Then ( 2.11Q takes the form: 



B 2 k(Q,r) = B bu i k (Q,r)B 2k \exterior ij~ ) • (2-13) 



to the spatial rotation group for four dimensional black holes and the SU (2)_r subgroup of the spatial rotation 
group for five dimensional black holes. This identification fails to hold for the CFT containing the center of 
mass modes, showing again that these modes must live outside the bulk of AdS?,. 

7 In some cases the unbroken supersymmetry generators get modified when we switch on the charges on the 
black hole, e.g. when we switch on M2-brane charges on an M5-branef3l|, [so|| . For the systems we shall analyze 
this does not happen. 
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Our goal is to compute the behaviour of B2k{Q, p) for large p. This is controlled by the behaviour 
of B 2 k(Q, t) for small r. To determine this we need to find the small r behaviour of Bb u ik(Q, t) 
and B 2 k;exterior( T ) ■ First we focus on B bu i k (Q,r). If instead of the index B bu i k (Q,p) we had 
been interested in the degeneracy dbuik{Q,p) = Tr(l) of left-moving excitations in the CFT2, 
then for large p it would grow as exp [2ir a/ c b ^ lk p/6] according to the Cardy formula, where c b ^ lk 
is the central charge of the left-moving Virasoro algebra of the CFT2. This implies 

d bu i k (Q, t) ~ exp[7rzcf fc /12r] , (2.14) 

for small r. We shall now argue that for small r the behaviour of B bu ik{Q, t) is given by the same 
formula. The argument goes as follows. With the help of a modular transformation in the two 
dimensional CFT, the behaviour of d bu ik i n the Cardy limit can be related to the ground state 
energy of the left-moving sector, and this is what leads to (|2.14j) , with —c b ^ lk /24 interpreted as 
the ground state energy of the left-moving sector. Now if instead of d bu ik we consider the index 
B bu ik, then following the same logic we can relate its small r behaviour to the ground state 
energy in the left-moving sector, but this time with a ( y —Y) 2hbulk twisted boundary condition 
under a — > a + 27r, cr being the world-sheet space coordinate. Now quite generally when 
the black hole (and the associated AdS?) has four unbroken supersymmetry generators, they 
combine with the conformal symmetry of the AdS% to generate a (0, 4) superconformal algebra. 
This includes an 577(2) R-symmetry current whose global part can be identified as the spatial 
rotation symmetry. Due to this identification, h bu ik can be interpreted as the zero mode of the 
U(l) C 577(2) R-symmetry current of the CFT 2 . Since the twist by the zero mode of the right- 
moving U(l) C SU{2) R-symmetry current of the CFT 2 is not expected to affect the ground 
state energy in the left-moving sector, this energy will continue to be given by -c^*/24, and 
hence the small r behaviour of B bu ik is also given by the Cardy formula: 

BbuikiQ, r) ~ ex P [mc b L ulk /12r] . (2.15) 

We shall see in §[| that for small r B2k-, e xterior{Q, t) is given by a formula similar to ( |2.15| ): 8 



B 2k ., exteri or(0, r) ~ exp[7u C ^f;; o 7l2r] , (2.16) 
for some constant c^" or . Substituting (|2.14j ) and Q2.16D into ( p. 131 ) we get 



r? //O ,_\ n^r-r^ r^ n '^™cicro /i n J jmacro Jmlk i ^exterior In -\<-!\ 

B 2 k{Q,V ~ exp[mc Lteff /12r\, c L eff =c L +c L eff , (2.17) 



8 We should emphasize here that while the modularity of B2k-,bulk {Q, t) follows from the fact that in the CFTi 
dual to the AdS-$ the action of h bu ik is chiral, the function B2k t exterior{Q,T~) is not a priori a modular form 
since the action of hbuik on the exterior modes is not chiral. Hence, to derive this asymptotics it is necessary to 
examine the behavior of B2k;exterior{T~) explicitly as we describe in jfl. 
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and hence, for large p, 



B 2k (Q,p) ~ exp[27r^/c^ c /;p/6] . (2.18) 



This is our general expression for the index B 2 k for four dimensional black holes computed in 
the macroscopic theory. We shall describe the computation of c b ^ lk and c e L xt e J^ or in sections |3] 
and |] respectively. We shall in fact see that c™1Jf is simpler to calculate than the individual 
contributions from the bulk and the exterior since the former is directly related to the coefficients 
of certain Chern-Simons terms in the effective action in the asymptotic space-time in which the 
black hole is embedded. 

Let us now consider five dimensional black holes. The analysis goes through more or less 
in the same manner with h replaced by Jr provided that all the SU(2)l singlet supersymmetry 
generators which are broken by the black hole solution are also broken by the AdS$. The main 
difference arises from the fact that the exterior modes of the five dimensional black holes carry 
both J i and Jr quantum numbers besides the momentum along S 1 . Since we are summing 
over Jr but keeping Jl and the momentum along S 1 fixed in defining the index, the analog of 
(|2.11|) now takes the form 



,exterior {q- Qbuik) , (2- 19 ) 



Qbulk 



where the charge vector q now also includes the Jl quantum number, and Cbuik denotes the 
trace of e 2nljR . We now separate out two charges from the set q, - the momentum p along S l 
and the U(l)i C SU{2) L charge Jl = J/2 - and call the rest of the charges Q. Denoting by ~ 
the Fourier transforms in the charges p and J, by r and z the variables conjugate to p and J, 
and assuming that the exterior modes only carry p and J quantum numbers, we can express 
(Pigp as 

C 2 k(Q, T , Z) = CbulkiQ, T, z)C2k :exterior 

(t,z). (2.20) 

In order to find the behaviour of C%k i n the Cardy limit we need to find the behaviour of C 2 k for 
small r. The behaviour of Cb u ik{Q, t, z) for small r can be found as follows. First we note that 
in CFT 2 dual to the bulk of AdS 3 the SU{2) L and SU{2) R spatial rotations can be identified 
as the left- and right-moving SU(2) R-symmetry currents. From this it follows that if instead 
of Cbuik we had considered the degeneracy dbuik of the left-moving excitations then for large p 



and J'Zy/p, d bu ik(Q,P,J) grows as exp 
z < 1 we have 



2ita df* (p- 



bulk I „ J' 2 



Equivalent ly for small r and 



dbuikiQ, r,z) = J2 d buik(Q, p, J) e 2mpr+2mJz ~ exp 



^■J)ulk jjiulk ^2 

£ 2ttz— ^ 

12t t 



(2.21) 
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( |2.21| ) is a consequence of the modular symmetry of the CFT2, and the exponent — j^- + k^ z 
has the interpretation of the ground state energy of the left-moving sector of the CFT with the 
boundary condition twisted by e 2mJz under a — > o + 2tt. Now following the same logic as in 
the case of B^uik we can argue that for small r, C^uik will have the same behaviour as d^ik, 
since under modular transformation the extra insertion of (— 1) 2Jr in the trace will mapped to 
a twist by (— 1) 2Jr , and this, being a twist by the zero mode of a right-moving current, should 
not affect the ground state energy of the left-moving sector. Thus we get 



C bu i k (Q,T,z) ~ exp 



^bulk 

12r 



2ni 



h,bulk ^2 
L 



(2.22) 



Furthermore we shall find in §^ that for small r and z^l, C2k\exteriorij ■, z) is given by a similar 
formula 



2k;exterior\Ji Z) ~ exp 



7TZC 



exterior 



p,exterior 2 
ftr off £ 



12r r 



(2.23) 



Eq.( 2.20 ) now gives 



C 2 k(Q,r,z) ~ exp 



TTIC 



l,rnacro J2 

If off & 



macro „bulk < exterior 

L "T C 



C L,eff - C 



12r 

r 

L,eff ' 



r,macro _ r,bulk _i_ t,exterior 
K L,eff L + L,eff > 



(2.24) 



and hence 



C 2 k(Q,P, J) ~ exp 



2tt 



\ 



„macro • n 

(-( „ff I K 



J 2 



/I l,raacro 
W L,eff 



(2.25) 



Again we shall find that c™1Jj and k^Jj^ are given in terms of the coefficients of certain 
Chern-Simons terms in the effective action in the asymptotic space-time, and hence are easier 
to calculate than the individual contributions from bulk and the exterior modes. 



3. Macroscopic Results for Four and Five Dimensional Black Holes 



In this section we examine the macroscopic formulae for the entropy of a certain class of four 
and five dimensional black holes in appropriate limits. Much work has been devoted to the 
study of corrections to black hole entropy due to a specific class of higher derivative terms 
obtained by supersymmetrizing the curvature squared terms, both in four and five dimensions 

However in this approach there is no a priori justification 



of including only a specific subset of higher derivative corrections to the effective action for 
computing the entropy. Our approach will be based on the method advocated in |K| where in 
certain limits the higher derivative corrections to the black hole entropy can be related to the 
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coefficients of certain Chern-Simons terms in the effective action. Since these coefficients are 
integers, possible corrections to them are severely limited, and hence can often be computed. 
This will allow us to compute the black hole entropy in appropriate limits after including the 
effect of all possible higher derivative corrections. 

In all subsequent discussions we shall use units in which a! — 1, normalize the ten dimen- 
sional Einstein-Hilbert + dilaton action so that it takes the form 

(2tt)- 7 J d w xV-detGe~ 2 * + 4(V$) 2 ] (3.1) 

and normalize the p-form field strength so that its kinetic term has the form 

-\ ~ J d W x V=tetGe"*F Ml ... M F M -- M * (3.2) 

for some appropriate constant k. 

3.1 Dl-D5-p system in type IIB on K3 x S 1 

We consider a system of Q 5 D5-branes wrapped on K3 x S 1 , (Q1+Q5) Dl-branes wrapped on S 1 
and n units of momentum along S l . We choose the convention in which positive n denotes left- 
moving momentum along S 1 and take n to be positive. Since a D5-brane wrapped on K3 carries 
— 1 unit of Dl-brane charge, Q\ represents the physical Dl-brane charge carried by this system. 
Besides these charges we also make the system carry angular momentum. In five dimensions 
the spatial rotation group is SU{2) L x SU(2) R . We shall consider Dl-D5-p system of the type 
described above carrying U{1)l C SU{2) l charge Jl = J/2. Supersymmetry then forces the 
corresponding black hole solution to be invariant under SU(2)r, i.e. carry zero SU(2)r charge. 
The entropy of a supersymmetric black hole carrying these charges, calculated using the two 
derivative action of the supergravity theory and the classical Bekenstein-Hawking formula, is 
given by [fT5|1 

2n^Q 1 Q 5 n-'^. (3.3) 
Our goal will be to understand corrections to this formula in two different limits: 

1. Type IIB Cardy limit: n — > 00 with Qi, Q 5 fixed. \J\ must be bounded by a term of 
order y/n so that QiQ^n — ^ scales as n. 

2. Type IIA Cardy limit: Qi — > 00 with Q 5 , n fixed. \J\ must be bounded by a term of 
order \fQ[ so that QiQ^n — ^ scales as Q\. 

The type IIB Cardy limit clearly corresponds to taking the momentum along the circle S 1 to 
infinity keeping other charges fixed in a type IIB frame. As we shall see, the type IIA Cardy 
limit corresponds to taking the momentum along the dual circle to infinity keeping the other 
charges fixed in a dual type IIA frame. 
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3.1.1 Type IIB Cardy limit 



We begin by writing down the near horizon geometry of the black hole [75, 53| in the normal- 
ization convention of J85], [51] for the action and the solution: 



dS 2 



dp 2 
p 2 



+ dy 2 + r (dx 4 + cos 



+ 



JA 2 



8r RV 

+r (d6 2 + sin 2 6d(f) 2 ) + g mn du m du n , y 
A, 



dy[dx 4 + cos 
= y + 2ttR 



- 2Jro~pdydT 



A 



JA 2 (\ 

e 3 + *e 3 H =— — A ( - dp A (d x 4 + cos 6> d<b) + sin 8 d8 A 

16 r^RV \p 



(3.4) 



where dS 12 denotes the string metric, $ denotes the dilaton, is the RR 3-form field strength, 
g mn is the metric on K3 with volume (27r) 4 V, u m, s are the coordinates on K3, (x 4 , 9, <fi) are the 
coordinates labelling a 3-sphere S 13 , e 3 = sin 6* dx 4 AdO Adcf) is the volume form on this 3-sphere 
satisfying f s3 e 3 = 167r 2 and *e 3 denotes the Hodge-dual of e 3 in six dimensions. The attractor 
equations determine the near horizon parameters in terms of the charges via the relations 



r 



AQ 5 



V 



Qi 



R 




(3.5) 



Note that A, labeling the string coupling, is undetermined on the horizon. If Q\, Q 5 , n are 
large but finite then by adjusting A we can keep the string coupling small, and the parameter 
r , that controls the length scale of the near horizon geometry, large. Thus in this case we have 
a systematic expansion in a' and the string coupling, with the leading term in the expansion 
given by the Bekenstein-Hawking entropy. We shall try to go beyond this by taking only one 
of the charges to be large, keeping the other charges finite. 
By a coordinate change 



JA 2 



J 2 X 4 



256r§B?V 2 



-1/2 



y[i- 



J 2 



-1/2 



T = T 1 



J 2 



1/2 



(3.6) 



we can bring the metric to the form 



dS 2 



dp 2 



p dr + (dy - y/r^ pdr) + g mn du m du 



+r ((dx 4 + cosfld^) 2 + d6 2 + sin 2 6 dcj) 2 ) 



(3.7) 
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Except for the global identification implicit in the periods of the coordinates (a; 4 , 9, <p, y) this 
metric has no dependence on J. In fact it has locally an AdS^ x S 3 factor, with the coordinates 
(p, r, y) labelling AdS 3 and (9, (ft, x A ) labelling S 3 fl86fl . The appearance of the AdS 3 x S 3 factor 
allows us to apply the general reasoning given in J6(J which we shall now review. 

We begin with the observation that the classical Wald entropy given in ( |3.3| ) can be written 
in the form IB7L B2l BUI B31 




S B H = 2n x r-^[n-^ rk ), (3.8) 



L 

where 

c b L ulk = 6Q!Q 5 , k b L ulk = Q 1 Q 5 . (3.9) 

A physical explanation of this formula may be given as follows. If we take the limit in which the 
asymptotic radius R as of the circle S 1 goes to infinity keeping fixed all the quantized charges and 
adjusting the other moduli so that the asymptotic geometry approaches a finite six dimensional 
background, then the black hole solution develops an intermediate region which contains an 
AdS% x S 3 factor and the near horizon configuration given in ( |3.4| ) appears as the near horizon 
geometry of an extremal BTZ black hole sitting inside the AdS% |H]]. 9 Furthermore this black 
hole carries a U{1)l charge J/2, with the U{1)l interpreted as the abelian subgroup of the 
SU{2)l C SU{2)l x SU{2)r gauge group arising out of dimensional reduction on S 3 . By 
AdS/CFT correspondence the states represented by this charged extremal BTZ black hole in 
this asymptotically AdS$ geometry can now be regarded as RR sector states with (L = 0, L = 
n) in the holographically dual CFT-i- Furthermore in CFT2 the SU(2)l x SU(2)r rotational 
symmetry of S 3 appears as the zero mode subalgebra of an SU{2) L x SU{2) R current algebra, 
with SU(2)l being a left-moving current algebra and SU(2)ji a right-moving current algebra. 
Thus J/2 represents the charge carried by the global part of the U{1)l C SU{2) l current 
algebra. Eq.( |3.8j ) can now be interpreted as the Cardy formula for the growth of states in the 
two dimensional conformal field theory, with c b ^ lk representing the central charge carried by the 
left moving component of the stress tensor of the CFT2, and k b ^ lk representing the level of the 
SU{2) L current algebra. 



9 The asymptotic boundary of this AdS^ space is the (1+1) dimensional space labelled by y and r, and the 
symmetry of the intermediate AdS^ x S 3 includes the Lorentz transformation in this (1+1) dimensional space 
as well as the full rotation group of S 3 . This may appear surprising since the black hole carries — n units of 
momentum along S 1 which breaks Lorentz symmetry in the y — r plane and angular momentum Jl — J/2 which 
breaks the SO(4) rotational symmetry of S 3 to its SU(2)r subgroup. The reason that this is not inconsistent 
is that if we take R as to infinity keeping n and J fixed then the physical momentum n/R as and the angular 
momentum per unit length J / ' R as both vanish. Since these are the parameters which enter directly the black 
hole solution, it is not surprising that from the point of view of an asymptotic observer we recover the Lorentz 
invariance in the r — y plane as well as the SO(A) rotational invariance in this limit. 
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In order to check that this interpretation is correct we must independently compute 
and k b L lk from first principles and check that the result agrees with ( [3.9|) computed from black 
hole entropy. For this it is also useful to introduce the quantities c b ^ lk which represents the 
central charge carried by the right moving component of the stress tensor of this CFT2 and 
that gives the level of the right-moving SU(2)r current algebra. In the classical limit c b ^ lk — c b ^ lk 
is given by the coefficient c bl ^ lk v of the Lorentz Chern-Simons term in the bulk theory, and 
and k b ^ lk are given by the coefficients of the Chern-Simons terms involving SU(2)l and SU(2)r 
gauge fields in the bulk theory. Furthermore using the supersymmetry of the bulk theory one 
finds that the boundary CFT 2 possesses (0,4) superconformal symmetry. 10 Thus the SU{2)r 
current algebra can be identified as the R-symmetry algebra of the (0,4) superconformal algebra, 
leading to the relation c b ^ lk = 6/c^ /fc |]60|]. This gives: 



Jiulk bulk bulk bulk fiU^ulk /o i n\ 

C R — C gravi C R ~ 0ft R ■ (^O.IUJ 



This allows us to express as 



c r=c+64 n/fe - (3.11; 



In the specific example under consideration, there is no Lorentz Chern-Simons term in the 
supergravity approximation. Thus we have = and so c b ^ lk = 6k b ^ lk . Eq. (|3.9|) would then 
follow if we have k b ^ lk = k b ^ lk = Q1Q5. The proof of this, given in [B8[ has been reviewed in 
appendix ^ where we also give a generalization of this result. 

So far we have just reinterpreted the classical Bekenstein-Hawking formula. But now we 
can turn the argument around to give a definition of the black hole entropy in the full quantum 
theory in the type IIB Cardy limit defined earlier. The main ingredient is the observation 
that for states carrying large Lq the Cardy formula is valid in the CFT2 even in the quantum 
theory. Thus we can use ( |3.8D to compute the full quantum entropy associated with the bulk 
of AdS$ in the large n limit, provided c b ^ lk represents the left-moving central charge in the 
full quantum theory, and k b ^ lk is the level of the SU(2)l current algebra in the full quantum 
theory. 11 Furthermore (|3.11| ) will also continue to hold in the full quantum theory. Thus the 



problem reduces to the computation of k b ^ lk , k b ^ lk and c b ^ lk v . As argued in these quantities 
also determine the contribution to the index from the modes living in the bulk of AdS$. We 
still need to compute separately the contribution from the exterior modes to which we shall 
come back later. 



10 In fact in this particular example the CFT2 has (4,4) superconformal supersymmetry and this allows us to 
relate c b ^ lk directly to the coefficient k h ^ lk of the SU{2)l Chern-Simons terms in the bulk action via c b ^ lk = 
Qfcbuik^ jj owever m order to maintain a uniform discussion of all the cases we shall only make use of the (0,4) 
supersymmetry of the CFT 2 . 

11 If we assume that the effect of quantum corrections can be encoded in a local 1PI action in AdS3, then ( |3.8| ) 
can be derived directly in the bulk theory, either via euclidean action formalism |60| or via Wald's formula [p3[. 
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Let us now discuss the computation of these quantites after taking into account higher 
derivative and quantum corrections. Since the coefficients of the Chern-Simons terms are quan- 
tized, c b f k v , k b ^ lk and k b ^ lk are quantized. It then follows from ( |3.11|) that c b ^ lk is also quantized. 



Thus these coefficients must be polynomial in the charges Qi, Q§ and cannot, for example, carry 
any inverse powers in the charges. This severely restricts the form of the corrections. Further- 
more, we can use a generalization of the scaling argument of |73| to determine in which order 



in perturbation theory a given correction could arise. If we take an extremal black hole car- 
rying NS-NS sector electric charges Qj?s NS , NS-NS sector magnetic charges q^sNS^ anc ^ 
sector charges q^R, then the argument of |74| implies that the /-loop contribution to any of the 



coefficients cj^J* , k b ^ lk and k^ lk - collectively denoted by by c"' - satisfies the scaling law: 

c \Qnsnsi a Qnsnsi x< lRR ) - a c [Qnsnsi Vnsnsi IRR ) ■ (6.12) 
In our example, Qx, Q 5 are RR sector charges. Thus the scaling relation takes the form 

c (l \XQi, XQ 5 ) = A 2 - V)(Q 1; Q 5 ) . (3.13) 



Clearly the leading contribution to k b ^ llk and k b ^ lk , given by Q1Q5, satisfies ( |3.13| ) with 



1 = 0, showing that this arises at the tree level. A correction to any of the coefficients c b ^: lk v , 
fcbuik anc j jjmik ii near j n q 1 or q 5 w ill be suppressed with respect to the leading term by a power 
of 1/A under the scaling given in ( |3.13| ). According to ( |3.13| ) this must arise at 1 = 1/2, i.e. at 



the 'half loop' order. Since close string perturbation theory includes only contributions from 
integral number of loops we see that we cannot get corrections to the central charge which are 
linear in Q\ or Q5. Put another way, a correction that is suppressed by a single power of RR 
charges must come from terms in the action involving odd number of RR fields. Such terms 
are not present in type IIB string theory. By following the same line of argument we see that a 
constant term in the central charge will produce an effect at the one loop order. Thus we might 
ask whether one loop correction in type IIB string theory could produce corrections to the 
Lorentz, SU(2)l or SU(2)r Chern-Simons term in the theory living on AdS^. We can consider 
two possibilities. The first possibility is that such a term could arise from a one loop correction 
to the ten (or six) dimensional effective action integrated over K3 x S 3 (or S 3 ). Since the term 
we are looking for is independent of Qi and Q5, it cannot involve the 3- form fluxes and must 
be purely gravitational in nature. Now in an even dimensional theory it is impossible to write 
down a purely gravitational Chern-Simons term. Thus we do not get a constant contribution 
to c b ^ lk by integrating a higher dimensional Chern-Simons term on S* 3 . The second possibility 
is that there can be one loop contributions to the Lorentz and/or SU(2)r Chern-Simons terms 
which arise in the theory after compactification on K3 x S 3 and cannot be seen in the ten or 
six dimensional type IIB string theory. A priori we cannot rule out such a possibility; so let us 
denote such one loop contributions to c^ lk v , k b ^ lk and k b ^ lk by A, B and C respectively. This 
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gives 

cf fc = 6Q 1 Q 5 + A + 6C, 4 n/fc = QiQ 5 + £ . (3.14) 

c buik an( j ^fewZfc given in (|3.14j ) control the contribution to the black hole degeneracy/index 
from the bulk of AdS^. To determine the full contribution to the macroscopic index using 
Q2.24Q , (|2.25|) we must combine this with the contribution from the exterior degrees of freedom 
mentioned in the previous section. We shall show in §f| that the exterior contributions c e f^ t e JJ or 



and /c| X gj." or to the index precisely cancel the constant shifts (A + 6C) and B in eq.( 3.14j) , 
leading to: 

<$%? = 6Q 1 Q B , k%g? = Q 1 Q 6 . (3.15) 

Using (|2.25|) we now see that the leading supergravity formula for the entropy is the complete 
contribution to the index in the Cardy limit: 



In d macro (n, Qi, Q B , J) ~ QxQ^n - ^- . (3.16) 

Here ~ denotes equality up to corrections suppressed by inverse powers of n. The macroscopic 
result ( |3.16|) agrees with the microscopic result (|5.20|) which will be derived in §[|. 



3.1.2 Type II A Cardy limit 

Let us turn to the type IIA Cardy limit: Qi — > oo at fixed n, Q§ and J ^y/Qi [p5| . The 
strategy will be to examine the black hole in a different duality frame in which Qi appears as 
a momentum along a circle, and then apply the same line of reasoning to find an exact formula 
for the black hole entropy in the limit Q\ — > oo at fixed n, Q5. For this we first make an 
S-duality transformation in the ten dimensional type IIB string theory to map this system to 
an NS 5-brane, fundamental string, momentum system, and then make a T-duality along the 
circle S* 1 to map this into a system in type IIA string theory on A3 x S 1 with Q 5 NS 5-branes 
wrapped along A3 x S 1 , n fundamental strings wrapped along S 1 and Qi units of momentum 
along S . By following the duality transformation rules and making a change of coordinates 
one finds that the near horizon geometry of the black hole in the type IIA variables, denoted 
by ~, takes the form 



dp , , J A 
dS 2 = r — — + dy 2 + r (dx 4 + cosOdcj)) 2 H 7^-dy(dx 4 + cos 6>c/0) — 2^/^pdydr 

P 8r RV 
+f (d6 2 + sin 2 6d(j) 2 ) + g mn du m du n , y = y + 2nR 



e* = A, 

JA 2 /I 



r 



16r$RV \P 



£3 + *£3 H dy A I - dp A (d x + cos 6 d(p) + sin 6 d6 A 



(3.17) 
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where is the NS-NS 3-form field strength. The near horizon parameters are now given in 
terms of the charges and the parameter A via the relations 

r = V = ~X^, R=M. (3.18) 

4 Q 5 V n 



With the help of the same coordinate transformation ( |3.6| ) we can remove the explicit J de- 
pendence of the solution except for in the periodic identification of the new coordinates. The 
space-time spanned by the coordinates (p,T,y,9,4>,x A ) is now locally AdS^ x S 3 . If we take 
the limit in which the asymptotic radius R as of S l goes to infinity keeping fixed the quantized 
charges and the six dimensional background, then the solution develops an AdSs x S 3 factor 
in the intermediate region, and the near horizon geometry described in ( |3.17| ) can be regarded 
as that of an extremal charged BTZ black hole embedded in this asymptotically AdS% x S 3 
geometry. In the holographically dual CFT2 the BTZ black hole can now be regarded as an 
RR sector state with L = Qx, L = and U(1)l C SU(2)l charge J/2. Thus the entropy of 
the black hole in the limit of large Q\ should be given by the Cardy formula 



Sbh^ 



2nJ~cf lk (q 1 - -(A^)- 1 ,P^j /6 , (3.19) 



where now c b ^ lk , c b ^ lk , k b ^ lk , and k b ^ lk denote respectively the central charges of the left and 
right-moving Virasoro algebras and the levels of SU(2)l and SU(2)r current algebras in the 
CFT 2 . As before, c b ™ lk v = c b ^ ,lk — c b ^ lk is related to the coefficient of the Lorentz Chern-Simons 
term in the bulk and fc^ and k b £ lk are related to the coefficients of the SU (2) 1 and SU(2) R 
Chern-Simons terms. Furhermore using the supersymmetries of the bulk theory one can show 
that the CFT2 has (0,4) supersymmetry. This leads to the relation c b ^ lk = 6k b ^ lk and gives 

-bulk = -bulk + g ~ k buik _ ^ 20) 

Comparison with ( |3.3| ) shows that in the supergravity approximation we have c^ n/fc = GnQs 
and fc^ n/fc = 11Q5. Since in this approximation there is no Lorentz Chern-Simons term in the 
action, c b ™ lk v vanishes and ( |3.20| ) gives k b ^ lk = nQ$. Direct computation of k b ^ lk and k b ^ lk can be 
performed using the procedure reviewed in appendix |A] and agrees with the values given above. 
Our goal now is to compute the corrections to c b ^ lk v , k b ^ lk and k b ^ lk due to higher derivative and 
string loop corrections. 

Since c^ lk v , k b ^ lk and k b ^ lk are all quantized, corrections to them could involve terms linear 
in Q5 and/or n and constant term. Now since n represents an NSNS sector electric charge and 
Q 5 an NSNS sector magnetic charge, the scaling relation ( |3.12| ) takes the form 

^\\ 2 n,Q 5 ) = \ 2 - 2l ^ l \n,Q 5 ), (3.21) 
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where stands for I loop contribution to any of the quantities c^"^, k b ^ lk and k b ^ lk . This 
shows that a term linear in n, if present, must arise at string tree level. Since this term would 
be linear in n, representing the NS-NS 3- form flux through AdS^, it will have to arise 
from a six dimensional Chern-Simons term of the form J D H^ A Vies where iles is a Lorentz 
Chern-Simons 3-form in six dimensions, and D denotes the dual field strength obtained by 
taking the Hodge dual of the flux 5S/SH^ But tree level type IIA string theory does 

not have such a term in the action since the gauge invariant three form field strength in type 
II string theories do not involve a Lorentz Chern-Simons term. This shows that there are no 
corrections linear in n. According to the scaling relation (|3.21|) the constant term, if present, 
must arise at one loop. Since it does not involve any charges, it will have to either come from a 
purely gravitational term in ten dimensions which upon dimensional reduction on K3 x S 3 will 
produce a Lorentz Chern-Simons term in AdS^, or arise as a one loop effect in the theory after 
compactification on S 3 . Since there are no purely gravitational Chern-Simons terms in ten or 
six dimensions, we can rule out the first possibility. But as in the case of type IIB Cardy limit, 
we cannot rule out the second possibility. Let us denote such contributions to c^f k v , k b ^ lk and 
k b ft lk , if present, by A, B and C respectively. 

Finally a term linear in Q 5 , if present, must arise at one loop order, and come from a term 
proportional to J A Vies in six dimensions. Are there such one loop corrections to the 
Chern-Simons term? The ten dimensional type IIA string theory indeed contains a one loop 
Chern-Simons term of the form 

~jBM a (X), (3.22) 

where B is the NS-NS 2-form field and I%{X) = ^ (p 2 (X) — Pl ^ j, X being the ten dimen- 
sional space and p n denoting the nth Pontryagin class |K| . Upon dimensional reduction on K3 
this generates a term proportional to J H^ 3 ' A &cs- Thus , k b ^ lk and k b ^ lk can all receive 
corrections linear in Q 5 . To compute the coefficients of these terms we introduce the quantities 
I j and pi via the relations /§ = dl® and pi = dp\. Since has nontrivial flux over S 3 , the 
2-form field B is not well defined. Thus instead of taking the coupling ( [3.22D we shall take 



i- J A J 7 ° (3.23) 



by integration by parts. Now the spin connection in the Kaluza-Klein reduction is simply a 
direct sum of the connections on AdS% x S 3 x K3. Using the fact that the total pontryagin class 
of a direct sum satisfies p(E © F) — p(E)p(F), that J K3 Pi = 48, and that p\ = —cLu v (r)/87i 2 
where 

co v (T) = Tr v (r A dT + A T A Tj , (3.24) 
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the trace being taken over the vector representation, we can express the contribution from 

# {3) A u v (T) , (3.25) 



CI3723D as 

1 

32tt 3 j AdS3XS 3 

where F now stands for the spin connection on AdS^ x S 3 . Using eqs. (|A.14|) , ( |A.19 ) we see that 
the effect of ( |3.25| ) is to generate the following corrections to c b ™ lk v , k b ^ lk and k b j^ lk : 



Ad b g u Z = 12Q 5 , A~k% lk = Q 5 , Ak b L ulk = -Q 5 . (3.26) 

We can check the consistency of the overall sign and normalization by setting Q$ — 1; in this 
case the system is equivalent to a fundamental heterotic string which has c grav = 12. Combining 
(|3.26p with the leading supergravity results and the constant shifts we arrive at the relations: 



~k b R k = Q 5 (n + 1) + C, ~k^ lk = Q 5 (n -1) + B, ~c b g u r lk v = 12 Q 5 + A, 

-bulk = -buik^ + 6 ~ k buik = g g 5 (n + 3) + ~ A + q£ _ (3>27) 

We now need to use fl2.24|) , (|2.25|) to find the asymptotic formula for the index. Again we 
shall see in §[| that the net effect of the exterior contribution c e f^ t e J^ or and kf^lj^' is to cancel 
the terms proportional to A + 6C and B in c b ^ lk and k b j^ lk . Thus the growth of the macroscopic 
index d macro in the type IIA Cardy limit Qi — > oo for fixed Q§, n will be controlled by the 
constants 

~ k ™J f ° = Q B {n-l), cZh = 6 Q^n + 3) , (3.28) 

and In d macro given by 



In dmacro^Q^Qs) ~ 2tt^ / Q 5 (n + 3) (q x - ^Q^—±y ) ' ( 3 ' 29 ) 

where ~ implies equality up to corrections suppressed by powers of Q\. This agrees with the 
result found in |83], ^8| for small J and large n computed using a particular four derivative 
correction to the five dimensional effective action. Also the result for c™fff agrees with the one 



computed in [^T], |92[ (see also |93|, 0) assuming a specific structure of all the higher derivative 
correction to the effective action. 12 Most importantly ( |3.29| ) agrees with the microscopic answer 
( |5.27| ) which will be derived in §[5[ 



3.2 Entropy of some four dimensional black holes 

We now consider a four dimensional theory obtained by compactifying type IIB string theory 
on K3 x S 1 x S 1 . In this theory we take the non-spinning Dl-D5-p system analyzed in § [3.1| 



12 Earlier results on this can be found in |95 
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and place it in the background of K Kaluza-Klein (KK) monopoles associated with the circle 
S 1 . Since for K = 1 this system has the same near horizon geometry as the five dimensional 



Dl-D5-p system analyzed in § |3.1| , the macroscopic computation of the index is identical to 
that in § |3.1| except for the difference in the contribution due to the exterior modes. We shall 
however keep K arbitrary and compute the entropy in a different duality frame in which we 
regard them as black holes in M-theory on K3 x T 3 carrying M5-brane charges and internal 
momentum. For this we first make a mirror symmetry transformation in K3 to take the D1-D5 
system to a D3-D3 system with Qi D3-branes wrapped on C 2 x S 1 and Q5 D3-branes wrapped 
on a C 2 x S 1 where C 2 and C 2 are a pair of dual 2-cycles of K3. We then make a T-duality 
along the circle S 1 to take the D3-branes to D4-branes and the KK monopoles to NS 5-branes 
wrapped on K3 x S . If we denote by S 1 the T-dual circle then we have Q± D4-branes along 
C 2 x S l x S 1 , Q 5 D4-branes wrapped along C 2 x S 1 x S 1 , and K NS 5-branes along K3 x S 1 , 
carrying n units of momentum along S 1 . We can now regard the type IIA string theory as M- 
theory compactified on a new circle S^, so that we have M-theory on K3 x S 1 x S 1 x S^. The 
dyon configuration now corresponds to Qi M5-branes along C 2 x S l x S 1 x Sj^, Q5 M5-branes 
wrapped along C 2 x S 1 x S 1 x S\ { , and K M5-branes wrapped along K3 x S 1 , carrying n units 
of momentum along S 1 . 

Our goal in this section will be to analyze the black hole solution corresponding to these 
charges and find the macroscopic entropy of this system in the limit n — > 00, keeping the other 
charges fixed. Since the analysis proceeds more or less in the same way as for five dimensional 
black holes, our discussion will be brief. As in the case of the Dl-D5-p system one finds that 
near the horizon the AdS 2 x S 2 appearing in the near horizon geometry of the black hole 
combines with the circle S 1 to produce a locally AdS$ x S 2 factor f60| . Furthermore if we 
take the limit in which the asymptotic radius of S 1 approaches infinity, keeping fixed all other 
quantized charges and the five dimensional geometry in the M-theory frame then the M-theory 
background develops an intermediate AdS% x S 2 geometry, and the near horizon geometry of 
the black hole appears as the near horizon geometry of an extremal BTZ black hole embedded 
in this asymptotically AdS% x S 2 space. Thus applying the Cardy formula we see that the 
entropy is given by the formula 



S BH ^ 27r^c^ lk n/Q , (3.30) 

where c b ^ lk is the central charge of the left-moving Virasoro algebra of the holographically 
dual CFT2. In the supergravity approximation c h ^ lk = 6Q1Q5K, reproducing the Bekenstein- 
Hawking result 2n^QiQ 5 Kn for the entropy P5| B7I . 

In the limit n — > 00 with Qi, Q 5 , K fixed, the complete contribution to the entropy (and the 
index) from the bulk modes on AdS% continues to be given by ( |3.30|) provided c b ^ lk represents 
the exact central charge of the left-moving Virasoro algebra after taking into account higher 
derivative and quantum corrections. As usual (c^ fc — c b ^ lk ) is given by the coefficient c b g f k v of 
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the Lorentz Chern-Simons term in AdS%. On the other hand using the supersymmetries of the 
bulk geometry one can show that the dual CFT 2 on the boundary has (0,4) superconformal 
symmetry acting on the right-movers. As a result c b R lk can be related to the level k b R lk of the 
SU{2) R-symmetry current in the CFT 2 via the relation c^ lk = 6k^ lk . 13 Since this SU(2) 
current in the boundary theory is holographically dual to the SU(2) gauge fields in the bulk 
arising from dimensional reduction on S 2 , k b ^ lk is given by the coefficient of the SU(2) Chern- 
Simons term in the bulk. This allows us to determine c b ^ lk in terms of the coefficients of the 
Chern-Simons terms in AdS^ via the relations 

c bulk = c buU + q k bulk _ (3 31) 

The relevant Chern-Simons terms were evaluated in |30| for M-theory compactified on M x 



S 1 where M is a general Calabi-Yau 3-fold. In this theory, consider a black hole corresponding 
to M5-brane wrapped on P x S 1 where P is some general 4-cycle in M. Using the isomorphism 
between 4-cycles and 2-forms we can associate with P a 2-form on M which we shall also denote 
by P. Then the result of |6| for c<? lk and c b £ lk are: 

c buik = f f p Ap A p + Ip Ac 2 (M)) +A R , cf lk = [ (PAPAP + PAc 2 (M))+A L , 

J M \ 2 J J M 

(3.32) 

where c 2 (M) is the second Chern class of M. Note that we have allowed for constant shift 
(Al, Aji) in the central charges due to one loop effects arising after compactification of M- 
theory on K3 x T 2 x S 2 x AdS^. Computation in (BO] was carried out by integrating the 
quantum corrected ten dimensional Lagrangian density on K3 x S 3 , and ignored possible quan- 
tum corrections which could arise after compactification on K3 x S* 3 . Evaluating this for the 
configuration we have, we get 



c% lk = 6K(Q 1 Q 5 + 2) + A R , cT k = 6K(QxQ 5 + 4) + A L . (3.33) 

Again we shall see in §^j that when we compute the full index in the macroscopic theory 
using Q2.17|) , Q2.18|) , the net effect of the exterior contribution c e ^j™ r is to cancel the A L term 



in Cl , giving rise to 



C ^ c // = QKiQ.Q, + 4) . (3.34) 
Eq.( |2.18| ) now shows that the index computed in the macroscopic theory grows as 



\nd macro (n, Qi, Q 5 , K) ~ 2ny / K(Q 1 Q 5 + A)n for large n . (3.35) 
This is in perfect agreement with the microscopic result ( |5.36| ) to be derived in 



13 



Although there is now a single SU(2) we shall label its anomaly coefficient by Ur. 



- 30 - 



3.3 Black holes in toroidally compactified type IIB string theory 

In this subsection we shall repeat the analysis of the previous subsections for black holes in 
toroidally compactified type IIB string theory. Since the analysis proceeds in a more or less 
identical manner we shall mainly state the results without going through the details of the 
analysis. 

First we consider the Dl-D5-p system wrapped on T 4 x S . We shall use the same notation 
for the charges as in the case of K3 x S 1 compactification, except that now Q\ represents the 
actual number of Dl-branes since D5-branes wrapped on T 4 do not carry any Dl-brane charge. 
In the limit when Qi, Q 5 are fixed and n becomes large, we get the result: 



In d macro (n, Q u Q 5 ,J)~ -k-sJ 4QxQ 5 n - J 2 . (3.36) 

In the limit of fixed n, Q5 and Qi large, we have 

In d macro (n, Qt, Q 5 , J) ~ ny/ ^QiQ^n - J 2 . (3.37) 

Derivation of ( |3.36|) is a straightforward generalization of the similar analysis for type IIB on 
K3 x S 1 leading to ( |3.16 ). The main difference between the analysis leading to ( [3.37D and 



that leading to (|3.29|) is that the dimensional reduction of the J B A /§ term on T 4 does not 
produce any Chern-Simons term. Thus all corrections to c b ^ lk and k b ^ lk from the supergravity 
results, except for possible constant shifts from one loop corrections, vanish. The constant shift 
is cancelled by the contribution from the exterior modes due to the results of §(|. Using these 
results we arrive at ( |3.37|) . This is in perfect agreement with the microscopic result ( |5.43 ) to 
be derived in §|5|. 

If we now consider a four dimensional black hole obtained by placing this system in the 
background of K KK monopoles, and go to the duality frame in which the system is described 
by momentum carrying M5-brane wrapped on T 7 , then we can analyze the macroscopic entropy 



of the system following the same procedure as in § [3.2[ In this case the near horizon geometry is 
locally T 6 x AdSs x S 2 . The central charges c b j^ lk and c b ^ lk associated with this AdS^ are given 
by formulae similar to those given in (|3.33|) except that now J P A C2(M) vanishes. Possible 
constant shift in c b ^ lk due to one loop correction is exactly cancelled by the hair contribution. 
This gives 

In d m acro(n, Qi, Qs, K) ~ 27Ta/ Q t Q 5 Kn for large n. (3.38) 
This is in complete agreement with the macroscopic result (|5.46|) . 

4. Analysis of the Exterior Contribution 



In this section we shall compute the coefficients cff*^" 07, and k e ^ t ^ or appearing in ( 2.16Q and 



( |2.23|) and show that their effect is to cancel the charge independent constant terms in the 
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expressions for c^Jj and k™ a e Jj which arise from one loop quantum corrections and which 
cannot be obtained as the dimensional reduction of the 1PI action in ten dimensions on the 



intermediate AdS% geometry. Examples of such terms are A + QC and B in ( 3.14 ). We shall 
describe our analysis in the context of the five dimensional black hole, but it will be clear that 
the result we derive is also valid in four dimensions, the only difference being the absence of any 
reference to the SU(2)l symmetry and the associated anomaly coefficient ki in four dimensions. 

We begin by recollecting some relevant results from §§. Recall that c b ^ lk is computed in §||] 
via the relation 

cf* = cgS + 6*S" , (4.1) 

where k b ^ lk and are the coefficeints of the SU(2)r and Lorentz Chern-Simons terms in 
the intermediate AdS% geomery. On the other hand k b ^ lk was given by the coefficient of the 
SU(2)l Chern-Simons term in the AdS% geometry. Part of the contribution to these Chern- 
Simons terms came from integrating ten dimensional Chern-Simons terms on K3 x S 3 , but 
this left open the possibility of constant one loop corrections to these coefficients which arise 
after compactification on S 3 . Now imagine that instead of doing this reduction on the K3 x S 3 
that arises in the intermediate AdS% region, we do this in the asymptotic region where the 
geometry is locally K3 x R 6 . 14 Let us take a thick spherical shell of large radius around the 
origin, bounded by the hypersurfaces r = r\ and r = r 2 for large r 1; r 2 , and regard this space 
as locally R 3 x K3 x S 3 , with S 3 labelling the angular coordinates and R 3 containing the 
time coordinate, the radial coordinate r and the coordinate along S 1 . We can now formally 
dimensionally reduce the ten dimensional action on K3 x S 3 to calculate the coefficients of the 
Lorentz and SU(2)r x 577(2) £, Chern-Simons terms on R 3 . The calculation is identical to the 
one described in appendix for the intermediate AdS$ geometry, except that this time we do 
not expect any additional one loop correction due to compactification on S 3 since we are really 
doing the computation in K3 x R 6 rather than on K3 x5 3 x AdS$. Thus the result for these 
coefficients will be identical to c bv : lk v , k b £ lk = c b ^ lk /6 and k b £ lk computed in §|3| and appendix [X| 
except for the constant one loop shifts. We shall denote these coefficients by c^™ p , k^ ymp and 
fcosymp reS p ec tively. For completeness we shall list below the values of c^^ p , k^ ymp and k a ^ ymp 
for each of the systems analyzed in §|3|: 

1. Dl-D5-p system in type IIB on K3 x S 1 in the type IIB Cardy limit: 

CT = 0, kt ymv = QiQ 5 , k a L symp = Q 1 Q 5 . (4.2) 

2. Dl-D5-p system in type IIB on K3 x 5 1 in the type IIA Cardy limit: 

c«« = 12Q 5 , k™ ymp = Q 5 (n + l), k a L symp = Q 5 (n - 1) . (4.3) 



14 Recall that we have taken the asymptotic radius of S 1 to infinity so that we have a (5+1) dimensional 
asymptotic space-time. 
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3. Four dimensional black hole in M-theory on K3 x T 2 x S 1 : 

dX P = 12K, k a R symp = K(Q 1 Q 5 + 2). (4.4) 

4. Dl-D5-p system in type IIB on T 4 x S 1 in the type IIB Cardy limit: 

C7 = 0, k a R symp = Q l Q bj k a L symp = Q,Q 5 . (4.5) 

5. Dl-D5-p system in type IIB on T 4 x S 1 in the type IIA Cardy limit: 

C7 = o, k a R symp = Q 1 Q 5 , k a R symp = Q 1 Q 5 . (4.6) 

6. Four dimensional black hole in M-theory on T 6 x S 1 : 

W = 0, k%™ = KQiQs . (4.7) 

We shall now try to express the difference between the Chern-Simons coefficients calculated 
in the asymptotic geometry and the intermediate AdS% geometry in terms of some known 
quantities and in the process gain knowledge about the constant terms in the expression for the 
Chern-Simons coefficients in the intermediate AdS% region. For this we note that the coefficients 
of the Chern-Simons terms can also be interpreted as certain anomaly coefficients. For example 
fcbuik an( j fcbuik re fl ec t the change in the effective action in the bulk theory by certain boundary 
terms in the intermediate AdS^ geometry under SU{2)r and SU(2)l gauge transformations, 
and c^rav reflects a similar change under local Lorentz transformations. k R ymp ', k a ^ yrnp and 
C 3ra™ p reflect similar anomalies under local SU(2)r, SU(2)l and Lorentz transformations in 
the asymptotic region. Thus the difference between k R ymp and k b R lk must be accounted for by 
the contribution to the SU{2)r anomaly due to the exterior degrees of freedom sitting between 
the asymptotic observer and the AdS^. We shall denote this by k e R terior . An identical argument 
holds for k L and c grav . Thus we have 

i asymp lhulk , i exterior i asymp lbulk , i exterior asymp bulk , exterior (a q\ 

K R R ' K R ' Li — K L "T ft L J c grav ~ C grav C grav ■ \^-°) 

Using ( gg§ , (p|) and we get 

macro asymp exterior , at h. asymp i exterior \ , exterior asymp < aiasymp . a 

C L,eff — C grav C grav D l ft _R ^R ) ' C L,eff ~ C grav oft _R T ^ , 

k™J f ° = k a L symp + 5 , (4.9) 



where 



A ah. exterior exterior i exterior ci exterior (exterior exterior \ i exterior (a a r\\ 

IA = — OK R -Cgrav + C L,eff ~ ~ GK R ~ \ C L ~ C R )+ C L,eff > l 4 ' iU J 
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j^exterior ^exterior ^ -^-p 



h L,eff 

Now we have already argued that the results for c^™ p , k R symp and k a ^ ymp are identical to those 
of c b jf k v , k R ulk and k b ^ lk in §|] except for the constant one loop shifts. This if we can show that 
A and S vanish, then we would prove that the effect of the exterior contributions is to precisely 
cancel these constant shifts in the AdS$ central charges. 

We shall now show that A and 5 vanish. For this we shall need to make some assumptions 
on the structure of the exterior modes. We make the following assumptions: 

1. The exterior modes consist of free massless scalars and fermions belonging to singlet 
and/or spinors representations of SU{2) L and SU{2) R . 

2. The scalar modes which transform in the vector (2,2) representation of the transverse 
rotation group 50(4) = SU{2) L x SU{2) R are non-chiral. Physically this assumption 
stems from the fact that such modes arise from the oscillations of the center of mass 
mode of the black string which is non-chiral. Due to this assumption the contribution 
to the SU{2) R and SU{2)l anomalies from any scalar in the (2^,2^) representation of 
SU(2)l x SU(2) R always vanishes. Taking advantage of this fact we can assign the 
contribution to (k L , k R ) from a left-moving {2 L , 2 R ) scalar to be (a, b) and a right-moving 
{2 Ll 2 R ) scalar to be (—a, —b) for any arbitrary pair of numbers (a, b). We shall choose 
(a, b) = (—1, —1) for convenience. 

To this we shall add the information that the (1+1) dimensional conformal field theory of 
exterior modes is invariant under (0,4) supersymmetry. This follows from the supersymmetry 
of the solution outside the AdS$ region. We shall not make the assumption that the SU(2) R- 
symmetry current of this superconformal algebra has any relation to the spatial rotation group 
SU(2) R . Thus we shall not have any relation between c e ^ tenor and k R Ttenor . 

We shall now separately evaluate the contribution to A and S from each type of field that 
could appear as part of the exterior degrees of freedom. For this we need to calculate ki, k R , 
cl~c r , CL, e ff and ki, e ff from each field. This is done with the help of the following observations: 

1. The calculation of (k R , k L , cl — c R ) is straighforward since these are given by the contri- 
bution to SU(2)l, SU(2) r and gravitational anomalies. 

2. The calculation of CL, e ff and k L e fj involves computing the contribution from these fields 
to the index <5 2 e f erior = Tr(-l) 2J «(2 j R )V™ pr+4 ™ Ji *. To this end we note that the factor 
of (2J R ) 2 is needed to soak up the SU(2) R doublet fermion zero modes. Thus after taking 
the trace over the fermion zero modes we are left with j ] r ^—\Y jR e 2 ' KipT+4 ' KljLZ from the 
oscillator modes. Due to supersymmetry this receives contribution only from the left- 
moving modes. 
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3. Since (— \) 2Jr = 1 for the SU(2) R singlet fields, the SU{2) R singlet left-moving fields 
contribute in the same way to the index and the degeneracy. Thus for them CL, e // = cl, 
and k L>eff = k L . 

4. SU(2) R doublet left-moving fields have the property that the contribution to C^ enor 
from a left-moving scalar oscillator, given by (l — e 2m Poscr+4m.j L:03C z^ ^ can ^ e regarded 
as the inverse of the contribution to the partition function from a left-moving fermionic 
oscillator, and the contribution to C|£ te " or from a left-moving fermionic oscillator, given by 
(l — e 2m PoscT+4iTtj L , osc z^ can k e re g arc i ec i as the inverse of the contribution to the partition 
function from a left-moving bosonic oscillator. Thus their contribution to CL, e // and &L,e// 
can be computed by replacing the fermions by bosons and vice versa, and including an 
extra — sign in front of the corresponding values of cl and ki- 

This gives the following contribution to A and 5 from various fields: 

left-moving (1 L ,1 R ) scalar: 

k R = 0, k L = 0, c R = 0, c L = 1, c L>eff = 1, k Lie ff = 0, A = 0, 5 = 0, 
left-moving (2 L , 2 R ) scalar: 

k R = -1, k L = -1, c R = 0, c L = 4, c L>e// = -2, k LiB ff = -1, A = 0, 5 = 0, 

left-moving (2l, 1r) fermion: 

1 1 

k R = 0, k L = -, c R = 0, c L = 1, c L ,eff = 1, k L:eff = -, A = 0, 5 = 0, 

left-moving (1^,2^) fermion: 

kn = --, k L = 0, c R = 0, c L = 1, c Lte ff = -2, k Lt ef f = 0, A = 0, 5 = 0, 
right-moving (1l, 1.r) scalar: 

k R = 0, k L = 0, c R = 1, c L = 0, c LiS ff = 0, k LtC ff = 0, A = 1, 5 = 0, 
right-moving (2^,2^) scalar: 

k R = 1, k L = 1, cr = 4, c L = 0, c L , e // = 0, k L)eff = 0, A = -2, <5 = -1 , 
right- moving (2l,1_r) fermion: 

k R = 0, k L = ~, c R = l, c L = 0, C L, e // = 0, k Lteff = 0, A = 1, # = ^ , 
right-moving (1l, 2^j) fermion: 

^ = ^, = 0, c R =1, c L = 0, CL, e // = 0, k Lie ff = 0, A = -2, 5 = 0. 

(4.12) 

Note that in evaluating the contribution to kL and k R from the (2l, 2 R ) scalars we have exploited 
the freedom of choice mentioned earlier. From this table we see that the left-moving exterior 
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modes do not contribute to A or 5. On the other hand since we have supersymmetry acting 
on the right-movers, and since the supersymmetry generators are doublets of SU(2) R , a right- 
moving SU(2) R doublet scalar must be accompanied by a pair of SU(2) R singlet fermions and a 
right-moving SU(2) R doublet fermion must be accompanied by a pair of SU(2) R single scalars. 15 
From ( j4.12| ) we see that the net contribution to A and 5 still vanishes for such fields. 
Using A = and 5 = we get from ( |4.9|) that 

macro _ asymp , r--i asymp i macro _ i asymp /a iq\ 

C L,eff — c grav ~>~ u/t R J ^L,eff ~ K L ' l^- io J 

As already argued before, c a g s r v ™ p + 6k R ymp and k a L symp are given respectively by the same com- 
putation as c b L ulk and k\ ulk of except that the constant shifts are absent. This proves that 
the effect of the inclusion of the exterior contribution is to remove the constant term in the 
central charges due to one loop corrections. Note also that in ( 4.12|) the values of cl and CL >e ff 
differ for several of the modes. Thus if we had focussed on the absolute degeneracy rather than 
the index then its growth will not be controlled solely by the anomaly coefficients since for the 
contribution due to the exterior modes ci, e ff will now be replaced by cl- 



5. Microscopic Results 

In this section we shall examine the computation of the microscopic indices of certain black holes 
in four and five dimensions, and show that these agree with the results of explicit macroscopic 
calculations given in §[5] and §|J 

5.1 Dl-D5-p System in type IIB on K3 x S 1 

In this section we shall examine in detail the microscopic formulae for the index of the Dl-D5-p 
system in type IIB string theory compactified on K3 x S 1 in various limits. We consider a 
system of 1 D5-brane wrapped on K3 x S 1 and Q% + 1 Dl-branes wrapped on S l , carrying 
n units of left-moving momentum along 5* 1 and SU(2)l angular momentum Jl = J/2. Since 
a D5-brane wrapped on K3 carries —1 unit of Dl-brane charge, Q\ represents the physical 
Dl-brane charge carried by this system. We consider the index: 

d m icro(n,Qi, J) = C 2 (n,Q x ,J) = ~Tr [(-1) 2Jr (2J r ) 2 ] , (5.1) 

where the trace is taken over all states carrying fixed Qi, n and Jl = J/2 but different values 
of J R . The partition function Z 5 d(p, a, v), defined through the relation 

Z 5D (p, a,v)= e 2m{pn+ ° Q ^ v3) (-1) J d micro (n, Qi, J) , (5.2) 

Qi,n,J 

15 We emphasize that that this does not imply that SU(2)r is the zero mode part of the right-moving R- 
symmetry current. As already remarked, the latter acts trivially on all the left-moving fields while the former 
has non-trivial action on some left-movers. 
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is given by |30|, |31 



Z 5D (p,a,v) = e 



n (i 



_ e 2TTi(ak+pl+vj)^- c ( 4lk -i 2 ) 



fc>l,i>0 



X 



I 1>1 



2irilp\4 



7T/U _ g — 7rltJ\2 



where c(iz) are denned via the relations: 



F(t, z) = °( An ~ j 2 )e 2ninr+27Ti 



F{t,z) = 8 



Mt,z) 2 Mr,z) 2 Mr,zf 



(5.3) 



(5.4) 



(5.5) 



Wr,0) 2 tf 3 M) 2 tf 4 (r,0) 2 J ' 

The first line of ( |5.3|) is the contribution from the relative motion between the Dl and D5 branes 
|30f and the second line represents the contribution from the center of mass modes |5T] . Strictly 



speaking we should subtract from this the contribution from the half-BPS states carrying zero 
momentum, but as long as we use this formula to extract the index of states carrying non-zero 
momentum along S 1 , we shall not make any error. The — (2J#) 2 /2! factor in the trace has been 
absorbed by the four fermion zero modes associated with the center of mass motion carrying 
(Jl, Jr) = (0, ±§), and the factor of —{e mv — e~ mv ) 2 comes from the contribution from the four 
fermion zero modes on the D1-D5 world-volume carrying (J^, Jr) = (±|, 0). 
Eq. Q5.3|) may be rewritten as 



*5D[P,v,v) = - (e - e ) 



21 



$10 (p, <T,V) 



where 



$ 10 (p,(T,v) = e 2 ™+ 2 -^+ 2 ™ 



n p 



— e 



2iri(ak+pl+vj)y( Alk -i 2 ) 



(5.6) 



(5.7) 



fc.ijeZ? 

fe,i>o,j<ofor fc=i=o 



is the Igusa cusp form. In going from ( |5.3| ) to ( |5.6| ) we have used c(0) = 20, c(— 1) = 2. From 
(0), (0) we get 



[ dp [ da [ dv (e™ - e - ™) 
Jo </o Jo 



4 g—2TTi(pn+(TQi+Jv) 



21 



$io(p,c,v) ' 
(5.8) 

We shall be interested in studying the behavior of d micro (n,Qi, J) in two different limits: 
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1. Type IIB Cardy limit: n large at fixed Q\ and Q\ — 7- > K\ for some fixed positive 
number K\. 



2. Type IIA Cardy limit f68f : Q\ large at fixed n and n — > K 2 for some fixed positive 
number K 2 . 

Estimates for Ki, K 2 can be found in appendix [B| In both these limits the combination 
A = (4Qin — J 2 ) becomes large. In this case the asymptotic expansion of d micro (n,Qi, J) is 
governed by the residue of the integrand in (|5.8|) on the subspace [fT], p| |9"1, |18 



pa-v 2 + v = 0, (5.9) 

where the integrand has a pole. Since the analysis in [[IJ |2|, [| were carried out in a different 
limit where n, Q\ and J were all large and of same order, we have given a careful analysis in 
appendix [B] showing that even in the two limits we are considering the dominant contribution 
comes from this pole. Near this pole 

' -(Air 2 )- 1 p 10 v- 2 r](p)- M ri(a)- 2A + non-singular, (5.10) 



where 



pa-v 2 „ pa - (v - 1) 2 „ pa-v 2 + v , p 
p = , = , v = . (5.11) 

P P P 



Picking up the residue at the pole at (|5.9| ) restricts the three dimensional integral to a two 
dimensional subspace. This is best done by changing the variables of integration to (p, a, v), 
and using 

dp A da A dv = —(2v - p - <t) -3 dp A da A dv . (5.12) 

In these variables the residue at the pole at v = can be calculated easily using standard 
procedure. Introducing the variables (ti,t 2 ) via 

p = T\ + ir 2 , a = —r\ + ir 2 , (5.13) 

we have near the v = subspace: 



-i-+J_ v+o(v 2 ), ff = J i±i+i±iH0( ? i 2 ) 1 w = I_,^l_^ ,. 

2r 2 2r| V ; ' 2r 2 2r| v ; ' 2 2r 2 2r| v ' 

(5.14) 
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Then the contribution to the integral from the residue at v — is given by @, |9|, [18 



16 



d micr o(n,Qi, J) ~ \^e~ F ^\ (5.15) 

J T 2 



where 

7T 



F(r h t 2 ) = \n + Qx(t? + r 2 2 ) - n J] + 24 In 77(71 + zr 2 ) + 24 In r/(-ri + ir 2 ) 

+121n(2r 2 ) - 24 In 7? f ^-j - 4 In | 2 cosh ( ^± 



In 



If 2tt , 2N tN 24 77 (7/2x2) ri , tttiI 

— \26 + —(n + Qi(r 1 + r 2 2 - n J) + 1— 2 ( + 4tt- tanh — ± ^ 

4tt \ r 2 v ^ 7 r 2 77 7/2r 2 r 2 2r 2 J 



(5.16) 



~ in (|5.15|) implies equality up to exponentially suppressed contributions. Although we have 
not been careful to keep track of the sign, this can be done by carefully following each step as in 



18| . The result is that the Ti, t 2 integrations run along the imaginary n, r 2 directions through 
the saddle points of F(t±, r 2 ) and the integration measure d 2 r represents d(ImTi)d(ImT 2 ). Thus 
the leading contribution to d micro (n,Qi, J) is positive. 

The integration over n, t 2 can be evaluated using the method of steepest descent. First of 
all note that if we ignore all terms except the one inside the first square bracket on the right 
hand side of ( |5.16| ), the extremum of F(ti,t 2 ) lies at 



J / 4nQi - P 

T ' = 2ft' r2 = V^Q^' (5 ' 17) 

If Qi, n and J become large at the same rate then (r 1; r 2 ) are of order unity and the first term 
in the square bracket in (|5.16|) dominates over the other term. However since we want to take 
different limits we need to keep track of the contribution from the rest of the terms. 

1. In the type IIB Cardy limit we have n — > 00 at fixed values of Qi, and Q\ — j- > K\. In 
this case we get from (|5.17| ) r 2 ~ y/n and T\ ^ ^/n. Since r 2 is large, we have 

24 ln77(ri+7r 2 ) ~ 27T7(ri+7r 2 ), 24 ln7/(— ri+7r 2 ) — 2tt7(— ri+7r 2 ), 241n7/( ) ~ — 47rr 2 

2r 2 

(5.18) 



16 In (2| the analysis was carried out for the four dimensional black hole for which the integrand in ( |5.8| ) 

involves l/$io instead of r](p) 24 /§ w . Eqs.(5.15), ( |5.16 ) are obtained by multiplying the integrand of |^|, |9|, Q 



by a factor of r](p) 24 , and then picking up the residue at v = 0. This procedure is similar to the ones followed 
in JS8[ [6S(| , except that we have included in our analysis the contribution from the center of mass degrees of 
freedom of the Dl-D5-brane system and removed the contribution due to the fermion zero modes associated 
with the hair. 
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Substituting this into ( |5.16|) we see that in the rest of the terms other than those contained 



in the first square bracket the terms linear in T\ and r 2 cancel, and at ( |5.17 ) the net 



contribution from these terms is small compared to the first term in the square bracket. 
Thus the leading contribution to — In d m i cro will be obtained by evaluating the first term 



in the square bracket at the saddle point (|5.17|). This gives 



In d micro (n, Qi, J) ~ n^/AnQi - J 2 . (5.19) 

In this equation ~ denotes equality up to power suppressed corrections. In the rest of 
this section ~ in the expression for d micro will denote corrections suppressed by powers of 
n (Qi) in the type IIB Cardy (type IIA Cardy) limit. In principle we can compute these 
power suppressed corrections by systematically carrying out the integration over (ti,t 2 ) 
about this saddle point. 

If we have Q5 D5-branes instead of one D5-brane with gcd(Qi,Qs) = 1 then by duality 
invariance the result for the index depends on the combination Q1Q5. Thus the result for 
general Q$ is obtained by replacing Qi by Q1Q5 in ( |5.19| ): 



\nd m icro(n, Qi,Qs, J) — n^J^nQiQs - J 2 . (5.20) 

The result is valid for large n with Q1Q5 — > K\. This result is in perfect agreement 
with the result of the direct macroscopic calculation given in ( p. 16 ). 



It is worth comparing the result for the index with the result for the degeneracy. For 
simplicity we shall sum over all the J values keeping the other charges fixed. In this case 
the index grows as exp[iiy/4nQ^Q^\. For computing the degeneracy we shall apply the 
Cardy formula. Since the relative motion of the D1-D5 system is described by a super- 
conformal field theory whose target space is the symmetric product of (Q1Q5 + 1) copies 
of K3, we get a central charge of 6((5iQs + 1) from the dynamics of these modes. The 
center of mass motion in the transverse directions will give a superconformal field theory 
with target space R 4 , and gives a central charge 6. Thus the total central charge of this 
system is c mtcro = Q(QiQ5 + 2), both for the left and the right-moving modes. Since the 
black hole microstates are identified as the left-moving excitations in this CFT, we get the 
expected growth of degeneracy to be exp [2n c micro n / 6] ~ exp [2TCy/(QiQs + 2)n]. This 
is different from the rate of growth expfeiry/nQiQsl °f ^ e index. 

2. In the type IIA Cardy limit we have Q\ — > 00 at fixed values of n, and n — -j^r > Ki. 



Thus ( |5.17| ) gives r 2 ~ 1/y/Qi and Tx^l/y/Qx- Since {t\ + ir 2 ) is small, it is natural to 
define 

±<ti + %a 2 = — ■ — . (5.21) 

±Ti + IT 2 
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At (|5.17 ), o 2 = ^/^nQi — J 2 /2n. This is large in the limit we are considering, and hence 
we have 

241n??(Ti + ir 2 ) ~ 27ri(cri + ia 2 ), 241n?7(-ri + ir 2 ) ~ 2m(-ai + ia 2 ), 

24W-L)^-^±^. (5.22) 
2r 2 cr 2 

Each of these terms is of order y/Qi at the saddle point and they do not cancel. Since in 
the limit of large Qi, the terms inside the first square bracket of ( p.!6| ) and the contribution 
from the rest of the terms are both of order y/Qi, it is no longer appropriate to neglect 
the rest of the terms. Instead we must evaluate the saddle point by taking into account 
the contribution from all the terms. We shall proceed with the ansatz that at the saddle 
point a 2 is of order y/Q\; this will be verified at the end to check the self-consistency of 
our approximation. With this assumption we can approximate the 7] functions by ( |5.22|) 
and get the leading terms in F(t\, t 2 ) to be: 

-- [Qi + n{o{ + al) + 0i J] - 4vra 2 + lM±°*L . ( 5 .23) 
v 2 • - j a2 

This has an extremum at 



and at this extremum 



This gives 



■^W(" + 3) (Qi- 45^31) )■ ( 5 - 25 ) 



In d micro (n, Qi, J) ~ 2n^j (n + 3) (^Q 1 - -^ j , (5.26) 

up to power suppressed corrections. Furthermore from ( |5.24| ) we see that a 2 ~ \/~Ql in 
agreement with our ansatz. 

We can write down the result for Q 5 number of D5-branes with gcd{Qi,Q§} = 1 by 
replacing Qi by QiQ 5 in (|5.26|) : 



In d micro (n,Q 1 ,Q 5 , J) ~ 2vr^/(n + 3) ^QiQ 5 - • (5.27) 

This result is valid when Q1Q5 is large, and n — 4 q^q 5 > K 2 . This is again in perfect 
agreement with the result of the macroscopic calculation given in Q3.29|) . 

To first subleading order in an expansion in powers of 1/n and J 2 this agreement was 



found in [38 
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5.2 Dl-D5-p-KK monopole system in type IIB on K3 x T 2 



We consider now the same Dl-D5-p system analyzed in § |5.1| and place it at the center of a 
Taub-NUT space. This gives a four dimensional black hole, with the asymptotic circle S 1 of 
the Taub-NUT space identified as a new compact direction. Since the black hole breaks 12 of 
the 16 supersymmetries of the theory, the relevant index is B$. The Taub-NUT background 
has three effects on the index computation: it first of all converts the angular momentum 
2Jl = J to momentum along S 1 [98[, it shifts the momentum along S 1 by —1 units, and it 
gives additional contribution to the 'partition function' for the index ||. We shall denote by 
d m icro(n,Qi, J) the negative of the sixth helicity trace index for these dyons. Then |], |^, |, [| 



d r , 



,(n,Qi,J) = (-l) 



j+i 



/ dp I da f dv e- 2m{pri+aQl+Jv) 
Jo Jo Jo 



® 10 (p,(J,v) ' 



(5.2* 



We shall be interested in the behavior of this quantity in the limit of large n at fixed values of 
Qx, and J = 0. The analysis proceeds as in § |5.1| and we arrive at the result §, g [L8|: 



where 



F(tx,t 2 ) 



71 



T2 



dmicro^J^i Qlj J 



d 2 r 



0)^ / -^e 



-F(n,r 2 ) 



(5.29) 



+ 241n^(r 1 + ir 2 ) + 24 In rj{-Tx + ir 2 ) 



+ 121n(2r 2 ) - In 



1 

4:71 



— < 26 



-{n + Qx{rl + rl)) 

r 2 



(5.30) 



Using Tx — > —Tx symmetry we can set Tx = at the saddle point. To extract the behavior of 
this integral for large n we shall proceed with the ansatz that r 2 is large, of order y/n at the 
saddle point. In this case we can approximate F(tx = 0, t 2 ) by 



^1 = 0,72) 



71 



T 2 



[n + QxT%] - Attt 2 . 



(5.31) 



This has an extremum at 

Thus at the extremum t 2 
we get 



r 2 = vV(Qi + 4) • (5.32) 
\/n, satisfying our ansatz. Evaluating F(0, r 2 ) at the extremum 



In (d micro (n, Qx, J = 0)) ~ -F(0, T 2 )\ extremum = 27ta/(Qi + 4)n . (5.33) 

We can in fact find the full asymptotic expansion by replacing the — 121n(2r 2 ) 
+ In ^ 1 26 + ^ (n + Qi(t 2 + r|)) | factor in the exponent by a multiplicative factor of 



- 42 - 



(2r 2 )~ 12 |26 + ^ (to + Qi(r 1 2 + r 2 2 ))| in the integrand and approximating t](t) by e 27 " r / 24 
as in ( [5.311 ). The T\ integral then becomes a gaussian integral which can be evaluated, and the 
T2 integral gives sum of Bessel functions. Using appropriate identities among Bessel functions 
we can bring the integral to the form 

/ n V 23/4 , 

(27t V / to(Q 1 +4)), (5.34) 

where Co is a constant independent of to and I u denotes the standard Bessel function with 
imaginary argument. This is precisely the leading term in the Rademacher expansion ||99||. 

The final answer ( j5.34j ) can be readily determined directly using standard facts about the 
Rademacher expansion of modular forms and Jacobi forms as follows. Doing the a integral first, 
we pick up the Qi-th Fourier coffecient of the partition function. Since l/$io is a Siegel modular 
form of weight —10, this Fourier coefficient if)(r,z) is a weak Jacobi form in two variables of 
weight —10 and index Qi. Furthermore, if) is known to be the partition function of a (0,4) 
SCFT of central charge C = 6Q± + 24. For a Jacobi form of weight —k, the index of the 
Bessel function and the power of the prefactor in the Rademacher expansion 17 is controlled by 
(A; + 3/2) which in our case is 23/2. The argument of the Bessel function and the prefactor are, 
on the other hand, given by 2-n^JCn/Q which in our case gives 2ir^n(Qi + 4). 

If we take a system with Q 5 D5-branes instead of a single D5-brane with gcd(Qi, Q5) = 1 
then the B 6 index must depend on Q 1 and Q 5 through the duality invariant combination Q1Q5. 
This gives 

In (d micro (n, Qi, Q 5 , J = 0)) ~ 2tt v / (QiQ 5 + A)n . (5.35) 

What if we have K KK-monopoles instead of a single KK monopole associated with S* 1 ? As 
long as gcd(Qi,Qs) = 1 and gcd(n, K) = 1, we can find a duality transformation that maps 
this charge vector to the one considered above with to replaced by to K ||100| , |101|| . Thus we have 

In dmicro(n, Qi, Qs, K,J = 0)~ 2n v /(Q 1 Q 5 + A)nK . (5.36) 

This is in perfect agreement with the macroscopic result (|3.35|) , computed by describing the 
system as a black hole in M-theory on K3 x T 3 , carrying M5-brane charges and momentum 
along a circle. 

When the above arithmetic condition on (n, K,Qi,Q§) fails to hold there is no duality 
transformation that maps this charge vector to the one for which we carried out the analysis. 



Nevertheless the answer for B 6 for these more general charge vectors is known |19|, ^(J, |21| and 



in the limit of large to, differs from ( |5.36| ) by exponentially suppressed terms. Thus we can 
continue to use ( p.36| ) for the general dyon. 

17 The usual Rademacher expansion of weak Jacobi forms assumes that the Jacobi form is holomorphic. In 
our case, turns out to be meromorphic because of the poles in partition function and the Rademacher expansion 
is modified but by terms that exponentially subleading M. 
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5.3 Black holes in toroidally compactified type II string theory 

In this section we shall generalize the analysis of the previous sections to toroidally compactified 
type IIB string theory. Since the Dl-D5-p system on T 4 x S 1 describes a 1/8 BPS state in a 
theory with 32 unbroken supercharges, the relevant index is Cq defined in ( |2.3|) . This index 
was computed in [[31]. For simplicity we shall set Q 5 = 1 and denote the corresponding index 
C 6 (n,Qi, J) by d micro (n,Qi, J); at the end we can recover the result for general Q 5 satisfying 
gcd(Qi, Q5) = 1 by replacing Qi by Q1Q5. The result of [|3l| for the index may be expressed as 

E(- 1 ) Jrf ™(n,Q 1 ,J)e 2 ^=(e 1 --e— ) 4 ^ £ sc(^f^\e 2 ™\ (5.37) 

J i&Z s\n,Qi,j ^ " ' 

where c(A) is defined through the relation: 

-M^\r) 2 r/(r)- 6 = ^ c(4k - I 2 ) e 2m{kr+lz) . (5.38) 
k,i 

d\{z\r) and 77(7-) are respectively the odd Jacobi theta function and the Dedekind eta function. 
The (— 1) J factor in ( |5.37|) appears from the inclusion of an extra (— 1) J factor in the definition 
of the index in ||31|| . In the limit when Q\n is large only the s = 1 term is important and we 
get 

r 1 r 1 i%(v\t) 2 

\J+1 I I j„, — 2-niQ\m— 2nijv ( ttiv —niv\4 H I / 



rf™(n,Qi,J)~(-l) J+i / dr &e -^^u c(r _ e - m) 4 (5 39) 

Jo Jo vi^r 

up to exponentially suppressed corrections. We shall evaluate the integral over r and v using 
the saddle point method. We proceed with the ansatz that at the saddle point r is small and 
v ~ 1, and verify this at the end. In this case we can express the integrand in ( |5.39|) as 

e -2iviQ\nT-2mJv (piriv _ ^--niv^i ^-2iviv 2 /r ^2-niv/r _ ^-2iivv/T^2 f_^\2 ^ 

Extremizing the integrand with respect to v and r we find the approximate saddle point in the 
rangle < Re(v) < 1 at 

v= l --^r + --- , r = i/V^nQ 1 - J 2 + • • • , (5.41) 

where • • • denote subleading terms. The value of the integrand at this saddle point is 

explny/AnQi - J 2 + ••■] . (5.42) 

This gives the leading contribution to d micro (n,Qi, J). We can recover the results for Q 5 ^ 1 
with gcd(Qi,Q5) = 1 by replacing Qi by in ( |5.42| ). This gives 

In d micro (n, Qx, Q 5 , J) ~ ny/ 4nQiQ 5 - J 2 . (5.43) 
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This is in perfect agreement with the macroscopic result given in ( |3.36| ) and (|3.37|) . Note that 
in the microscopic analysis there is no distinction between type IIB Cardy limit (n — > oo) and 
type IIA Cardy limit (Qi — > oo) since the result depends on the combination Qin. 

If instead of using the index we had computed the absolute degeneracy then the results 
would change as follows. The motion of Q\ Dl-branes inside a single D5-brane gives us 4Qi 
bosonic degrees of freedom and their AQi fermionic partners. Besides this we have four extra 
bosonic modes associated with the D1-D5 center of mass motion and four more bosonic modes 
associated with the Wilson lines on the D5-brane along T 4 . Thus we have eight extra bosonic 
modes and their fermionic superpartners. This would give a total contribution of Q(Q\ + 2) to 
the left-handed central charge, and the logarithm of the degeneracy computed from this would 
grow as Ti^jAn(Qi + 2) for J = 0. This is clearly different from (|5.42|) for J = 0. 

Finally consider the four dimensional system containing Q§ D5-branes along T 4 x S l , Q\ 
Dl-branes along S l and K Kaluza-Klein monopoles associated with S 1 , carrying n units of 
momentum along S l . This is U-dual to the M5-brane configuration discussed in §3^3. We 
shall restrict our analysis to the case gcdji^n, Q1Q5, KQi, KQ 5 , nQi, nQ 5 } = 1. The exact 
£>i4 index of these states is known, and up to exponentially suppressed corrections, the index 



is given by |32|, |34|, |35 



-B 



11 



-ciAQiQsKn) 



(5.44) 



with c(A) defined as in ( |5.37|) . For large A we have [^9 



c(A) ~ (-1) A+1 A" 2 exp(TrVA) . 



(5.45) 



Eq. (|5.44j) now shows that the logarithm of the index — B 14 grows as 2ir^QiQ 5 Kn. This gives 
the microscopic prediction for the logarithm of the index of the four dimensional black hole: 



In d 



microy^i 



Q 1 ,Q 5 ,K)~2n y /Q 1 Q 5 Kn. 



(5.46) 



This is in perfect agreement with the macroscopic result given in fl3.38p . 



6. MSW Analysis for M5-branes on K3 x T 3 and T 7 



In § ^3.2| we described a black hole whose microscopic description contains M5-branes wrapped 
on a 5-cycle of K3 x T 3 or T 7 . However while computing the microscopic index of this system in 
§ |5.2| we used an indirect method by mapping it to a Dl-D5-p-KK monopole system in type IIB 
string theory. In this section we shall directly compute the microscopic index of the M5-brane 



system following [ 102 1 , and show that the results agree with those obtained in §5.2. 
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6.1 M5-brane on K3 x T 3 



We begin by recalling the system of M5-branes described in § |3.2| . We consider M-theory on 
K3 x S 1 x S 1 x S\j, and take a brane configuration consisting of Q\ M5-branes along C2 X 
S 1 x S 1 x Sm, Q 5 M5-branes wrapped along C 2 x S 1 x S 1 x S^, and K M5-branes wrapped 
along K3 x S , carrying n units of momentum along S . The Bq index of this configuration can 
be calculated following the procedure described in ||102| , |4l| . In order to follow the notation of 



102|| , we introduce some new notation for the charges, denoting the electric charges by (q , q a ) 
and magnetic charges by (p°,p a ). The charge qo corresponds to momentum along the circle 
S 1 while q a corresponds to exciting the self-dual antisymmetric tensor field on the 5-brane, 
carrying charges corresponding to wrapping M2-branes on various 2-cycles of K3 x S 1 x S^. 
The magnetic charge p° corresponds to a Kaluza-Klein monopole associated with the circle S 1 . 
The other magnetic charges are associated with an M5-brane wrapping P x S 1 with P a four 
cycle of K3 x S 1 x S^. For the configuration we are considering, p° and q a for a 7^ vanish, 
the charges p a can be identified with the triplet (Qi, Q 5 , K) and the charge q can be identified 
with n. Using the isomorphism between 4-cycles and 2-forms we can associate with P a 2-form 
on M which we shall also denote by P. In this case we can write the magnetic charge vector 
in cohomology language, i.e, P = p a S a with S a e H 2 (M, Z), M = K3 x S 1 x S l M . 

If we take the limit in which the circle S l has a size much larger than the size of K3 xS 1 x Sj^, 
then the low energy limit of the effective theory describing the dynamics of the 5-brane on PxS 1 
is a two dimensional (0,4) CFT. The BPS states in this theory involve left-moving excitations 
and the growth of degeneracy of these states for large momentum is determined in terms of the 
left-moving central charge c™ lcro via the Cardy formula. c™ lcro in turn is given by + \N[ 
where and N[ are the numbers of left-handed bosons and fermions respectively. If instead 
of the degeneracy we consider the helicity trace index _B 6 , then the computation proceeds as 
follows. The requirement of unbroken supersymmetry forces the right-movers into their ground 
state. The (2h) 6 factor in the trace is soaked up by the 12 fermion zero modes associated with 
the broken supersymmetry generators. Thus we are left with the trace over the left-handed 
bosonic and fermionic non-zero mode oscillators, weighted by (— 1) F where F denotes fermion 
number. The growth of this trace for large momentum along S 1 is controlled by a Cardy like 
formula, but with an effective central charge 

c™y f = NE-N[. (6.1) 

This follows from the fact that the insertion of (— 1) F into the trace does not affect the contribu- 
tion to the partition function due to a bosonic oscillator, but the contribution to the partition 
function due to a fermion is now given by the inverse of the contribution from a boson. Note 
that if N[ = then c™ 1 ^ = c™ tcro , but otherwise they are different. 
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Now the numbers of left and right-moving bosons are given by ||102 | 

N? = d p {P) + %(P) + 3, 

Ni = d p (P) + bt(P) + 3. (6.2) 

Here d p is the dimension the moduli space of deformations of P inside M, 3 accounts for the 
center of mass translations and b 2 , b 2 , denoting the number of anti-self-dual and self-dual two 
forms of P, count the scalar fields arising from the reduction of the 2-form field living on the 
5-brane. For fermions we have [|102| , 40 1 



Nf = 4fc lj0 (P), 

< = 4/i 2 , (P)+4. (6.3) 
Under the assumption that the Calabi-Yau 3-fold M does not have 1-cycle and that the 4-cycle 



P is ample, the authors of ||102j| gave a formula for d p (P) and used it to compute the number 
of left- and right-moving fermions and bosons. We however have a Calabi-Yau manifold with 
two 1-cycles S 1 and S^, and hence the formulae of | |102| are not directly applicable. Thus we 
need to proceed a little differently following ||40|| . On a compact Kahler manifold we have the 
relations: 

b 2 = b% + b 2 = 2h 2; o + h 1)1 , b 2 = h ltl - 1 . (6.4) 
Substituting this into ( |6.2|) and (|6~^ ) we get 

Ni-N% = d p (P)-2h 2 , (P). (6.5) 

Now since supersymmetry acts on the right-movers, the number of right-moving bosons and 
fermions must be equal. This gives 

d p (P) = 2h 2fi (P) . (6.6) 
This agrees with the result given in f4"I|| . Substituting this into ( |6.2|) and ( |6.3| ) we get |4l] 



NE = 2h 2;0 {P) + h^iP) + 2 = b even {P), N[ = 4/i li0 (P) = b odd {P) , (6.7) 

where b even (P) and b dd(P) are the dimensions of the even and odd cohomologies of P. Thus 
^L % e]°f gi ven i n ( |6.1|) is just the Euler character of P. This in turn has a simple expression in 



terms of the 2-form P representing the 4-cycle P | 102 |: 

cZeTf = X(P) = [ (PAPAP + PA c 2 (M)) . (6.8) 

J M 

Evaluating this for the particular brane configuration we have, we get 

c™ = 6K(g 1 g 5 + 4). (6.9) 
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This is in perfect agreement with the formula for the index of the Dl-D5-p-KK system given 
in ( |5.36|) , which in turn is in agreement with the macroscopic result given in ( |3.34|) . If instead 



we had calculated the central charge that controls the growth of absolute degeneracy, then we 



would get the result [40 



1 Q 

2' 



c ™ = N f + -N[ = c™y f + -N[ = 6 (KQ 1 Q b + 4K + 1) , (6.10) 



since N[ = Ah lfi (P) = ih lfi (M) = 4. As noted in gj| g(|, (glQl) fails to agree with the 



macroscopic result (|3.34p . Thus we see that the apparent puzzle in [f39| Q arose from comparing 
the microscopic degeneracy with the macroscopic index, and there is no disagreement as long 
as we compare the index on both sides. 

6.2 M5-brane on T 7 

We shall now repeat the analysis of §[TT] with K3 replaced by T 4 , i.e. directly compute the 
microscopic index of the system of M5-branes wrapped on T 7 without mapping it to the Dl- 
D5-p-KK monopole system. Let us label the T 7 by coordinates 1-7. In this theory we consider 
a configuration with Qi M5-branes wrapped along 12345 directions, M5-branes wrapped 
along 12367 directions and K M5-branes wrapped along 14567 directions, carrying momentum 
n along the 1-direction. This configuration breaks 28 out of 32 supersymmetries of the theory 
and hence the relevant helicity trace index is B^. Following the analysis of §|6.1| we arrive at 



the same result ( |6.8| ) for the effective central charge c™ c JJ. However since C2 vanishes on T , 
we get 

<%5° f = 6QiQBK, (6.11) 

and hence 

In d micro (n, Qi, Q 5 , K) = QxQ 5 Kn . (6-12) 



This agrees with the result ( |5.46|) computed from the Dl-D5-p-KK monopole system, in agree- 
ment with the duality symmetry. More importantly for us, it agrees with the macroscopic 
prediction (|3.38 ). If instead of using the effective central charge we had used the actual central 



charge computed in the limit of free theory, we would get c micro = Q(QiQ§K + 3) since we now 
have hi y o(P) = hi t o(M) = 3. This would not agree with the macroscopic result. 



7. Why do the Microscopic and Macroscopic Results Agree? 

So far we have computed the index of various systems in the macroscopic and the microscopic 
sides and shown that they agree. However given that on the macroscopic side the index is 
expressed in terms of the coefficients of the Chern-Simons terms in the action, one might hope 
that this agreement can be proved in general without having to explicitly compute the index 
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in each case. We shall now show that this is indeed the case. This argument is closely related 



to the one given in IpOfl , but takes into account the additional subtlety that arises due to the 
failure of the identification R-symmetry group of the brane world- volume theory with the spatial 
rotation group. For definiteness we shall present the argument for five dimensional black holes; 
the only change in four dimensions will be that we need to drop all references to the SU(2)l 
part of the spatial rotation group and interprete SU(2) R as the full rotation group. 

The argument goes as follows. For black holes of the type considered here, the low energy 
dynamics of the system of branes underlying the microscopic description of the black hole is 
described by a (0,4) superconformal field theory. We shall divide the system into two parts. 
One part which we shall call the regular part has the property that the right-moving SU(2) R- 
symmetry current, associated with the (0,4) superconformal symmetry on the world-sheet of the 
branes, can be identified with the SU(2) R subgroup of the spatial rotation group. Furthermore 
the action of the SU{2) L subgroup of the spatial rotation group on the regular part must 
correspond to the group generated by the zero modes of a left-moving SU(2) current algebra 
on the brane world-sheet theory. The second part does not satisfy this property, and will be 
called the irregular part. This in particular will contain the center of mass degrees of freedom 
for which the non-chiral scalars are charged under both SU(2)l and SU(2) R . Clearly this 
decomposition is not unique since we can include part of the regular modes into the irregular 
part, and we can utilise this freedom to choose the irregular part to our convenience. We can 
now express the total contribution to the index as a combination of the contribution from the 
two parts as in treating the regular part in the same way as the modes associated with the 
bulk of AdSs and the irregular part in the same way as the exterior modes. In particular if we 
denote by c™ c JJ and the quantities which control the growth of the microscopic index, 

we have the relation analogous to Q2.24| ): 



micro _ reg . irreg 1 micro _ ireg , uirreg (7 1\ 

C L,eff~ C L +C L,eff' L,eff "'L + K L,eff K'- 1 ) 

As in §Q, we shall denote by k L , k R and c grav the contribution to SU(2) R , SU{2) L and gravita- 
tional anomaly from various fields on the brane world- volume. In ( |7.1Q we have used the fact 
that for the regular part the identification of the R-symmetry group with the spatial rotation 
group allows us to conclude, as in the case of the bulk modes, that the quantities which control 
the growth of the index are the same as the ones which control the growth of degeneracy, that 
is the central charge c^ 9 of the left-moving Virasoro algebra and the anomaly k™ 9 of SU(2)l. 18 
Furthermore we also have the relations: 

r reg _ reg _ reg reg _ -yreg ? n 



18 An indirect evidence for the presence of the irregular part follows from the observations of §0, §|| that in 
the microscopic theory the index and degeneracies do not always agree. Since for the regular part the index 
and the degeneracy grow in the same manner, the difference can be attributed to the presence of the irregular 
part. Later we shall explicitly see examples of irregular parts of the microscopic system. 
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Let us denote by k^ icro , k% icro and c™ the total contribution to the SU(2) L , SU(2) R and the 
gravitational anomaly from all the microscopic degrees of freedom. Then we have the relations: 

umicro _ ireg . lirreg i micro _ it eg . lirreg micro _ reg , Jrreg (<j o\ 

L L ' L ' R R "r" R ' c grav ~ c grav "r c grcre • I' '°) 

Using Q-O we § et 

micro micro , aumicro , a umicro i micro , r f7 /H 

C L,eff ~ C grav <~ 0Kj R <~ ^micro, K L,eff ~ K L <~ °micro , I ' -^J 

where 

A = f{h irTe9 — r irre 9 _l_ J rre S _ _a] c irre 9 — (r irre9 — j rTe9 \ _l_ ^ rre 9 f7 ^ 

^mtcro — Ufi^ <- gm u "r c L, e // _ u,i i? l c L C H J i C L,eff ' V - d J 

X r irreg _ prreg / ? fi N 

u micro — rh L,eff L " V / 

These are the analogs of eqs.( |4.10| ) and (|4.11 ) in the macroscopic theory. We can now proceed 



in the same way as in §[| to show that A micro and 5 m i cro vanish. For this we need to make the 
same assumptions on the structure of the irregular modes as we had to do on the structure of 
the exterior modes in §§. Thus we get 

micro micro , awriicro r, micro r, micro (1 1\ 

C L,eff — C grav oft H ) K L,eff ~ K L \ ' ' ' J 

Finally we make use of the observation that the coefficients of the gauge and Lorentz Chern- 
Simons terms in the bulk theory are related to the gauge and gravitational anomalies on this 
brane configuration ||103| , |S0f| . This allows us to conclude that c™^'°, fc™ cro and k™ lcro must 



be equal to c a g s r y ™ p , k a R symp and k a L symp - the coefficients of the Lorentz, SU(2) R and SU(2) L 
Chern-Simons term in the effective action. Thus from (|4.13 ) we get 



micro macro i/micro T/macro (<j o\ 

C L,eff - C L,eff> K L,eff ~ K L,eff ■ 

This establishes the equivalence of the macroscopic and the microscopic index. 

We shall now explicitly compute the coefficients c™^°, k R ucro and k™ lcro in some examples 
by computing the anomalies due to the world-volume fields and show that the results agree 
with the explicit microscopic results for the index given in §[| and §0. During this analysis we 
shall also identify the irregular modes in various systems. We begin with the Dl-D5-p system 
on K3 x S l in the type IIB Cardy limit, For simplicity we shall take Q5 = 1. Since a D5-brane 
wrapped on K3 carries —1 unit of Dl-brane charge, we need (Q\ + 1) Dl-branes to produce 
Qi units of Dl-brane charge. In this case the world-volume bosonic degrees of freedom consist 
of 4:(Qi + 1) scalars describing Dl-brane motion along K3 and 4 scalars describing the overall 
motion of the Dl-D5-brane system in the transverse direction. The former are all neutral under 
the SU(2)l x SU(2)f> rotation group in the space transverse to the Dl-D5-brane world- volume, 
while the latter are in the (2l,2r) representation of SU{2)l x SU{2)r. Since these scalars are 
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non-chiral they do not contribute to SU(2)i x SU(2)r anomaly. In order to determine the 
SU{2) L x SU{2) R quantum numbers of the fermions we can use the (4,4) supersymmetry of 
the world- volume theory. Since the left/right moving modes are paired by supercharges which 
are doublets of SU(2)l/ 'SU(2)r, the fermionic partners of the 4(Qi + 1) neutral scalars consist 
of a total of 4(Qi + 1) left-moving fermions in the representation (2^, 1r) and 4(Qi + 1) right- 
moving fermions in the representation (1^,2^). On the other hand the fermionic partners of 
the (2l, 2r) scalars representing the transverse motion will consist of 4 left-moving fermions in 
the representation (1^, 2r) and 4 right-moving fermions in the representation (2^, 1^). Thus as 
far as the SU{2) L group is concerned, we have altogether 4(Qi + 1) left-moving fermions and 
4 right-moving fermions belonging to the doublet representation of SU(2)l- This gives a total 
contribution of Qi + 1 — 1 = Q\ to the SU(2)l anomaly coefficient fc™ cro . A similar counting 
gives kft tcro = Q\. On the other hand since the spectrum on the brane is left-right symmetric, 
the gravitational anomaly c™al° vanishes. Eq.( [T.7| ) now gives c™ e c // = 6<5i and ^™e// = Qi- 
This is in agreement with the microscopic result ( |5.19| ). 

This analysis also throws some light on the origin of the discrepancy between c™ c J^ = 6Qi - 
the quantity that controls the growth of the index on the microscopic side, and c r £ lcro = (Qi+2) 
- the quantity that controls the growth of the microscopic degeneracy at weak coupling. As 
argued before, for regular part cl = CL,eff] so the difference must be due to the irregular part. In 
this case the irregular part comes from the (2^, 2#) scalars representing the transverse motion of 
the brane and their fermionic partners. As argued above these include 4 left-moving fermions in 
the representation (1^, 2r) and 4 right-moving fermions in the representation (2^, Now the 
SU(2) R-symmetry current on the brane world-volume, associated with the (0,4) superconformal 
algebra, is right-moving. Hence all the left-moving fermions and bosons must be neutral under 
it. In contrast we see that the left-moving components of the (2^,2^) scalars and the left- 
moving (1l,2r) fermions are in the doublet representation of the SU(2)r spatial rotation. 
Thus on these fields the SU(2) R-symmetry action cannot be identified as the action of the 
SU{2)r spatial rotation, and they must be considered as part of the irregular modes. Indeed 
by carefully examining the computation of c™ l ^°j given above one can easily see that it is due to 
the presence of these irregular modes that c™ c Jj and c™ cro differ. Similarly for regular modes 
we also require that the spatial SU(2)l rotation acts as the zero mode of a left-moving SU(2) 
current algebra. Thus all the right-moving regular modes must be neutral under SU(2)l. This 
fails for the right-moving (2^,2^) scalars and (2^,1^) fermions, showing that they must also 
be part of the irregular modes. 

The explicit computation of c™ cro and k™ lcro for the Dl-D5-p system on T 4 x S l in the 
type IIB Cardy limit is almost identical. In this case the D5-brane on T 4 does not carry any 
Dl-brane charge and we have 4Qi bosons associated with the motion of the Dl-brane inside 
the D5-brane and 4 extra bosons associated with Wilson line on the D5-brane along T 4 . All of 
these are neutral under SU(2)l x SU{2)r. We also have four transverse bosons in the (2^, 2#) 
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representation of the SU(2)i x SU(2)r. Thus the total spectrum of bosons is identical to that 
in the case of Dl-D5-p system on K3 x S 1 , and due to supersymmetry the fermionic spectrum 



is also identical. Thus we still have k^ cro = Q u kf' lcro = Q u c™ = 0, and eq.Q leads to 
c Le//° = 6Q1, in agreement with the microscopic result for the index given in ( |5.42| ). 

For the Dl-D5-p system in the type IIA Cardy limit the underlying microscopic system is 
the system of Q$ NS5-branes and Qi fundamental strings. The dynamics of this system is not 
well understood and hence we do not have an independent calculation of c™^™, k micro and fc™ lcro 
from the computation of anomalies in the microscopic theory. Nevertheless the macroscopic 
results for these quantities, as well as the exact results for the microscopic index derived in the 
dual type IIB frame, tells us what these anomaly coefficients should be. 

A similar analysis can be carried out for the MSW string [ 40j analyzed in §^|. We consider 



M-theory on M x S 1 where M can be either K3 x T 2 or T 6 and take an M5-brane wrapped on a 
four cycle P in M times S . According to Eqs. (|6.2| )- (|6.7|) the number of left- and right-moving 
bosons and fermions are given by: 

Nf = 2h 2>0 (P) + h ltl (P) + 2, N[ = 4/ ll)0 (P), 

N% = 4h 2fi (P)+4, N F = 4h 2fi (P) + 4. (7.9) 

This gives the gravitational anomaly coefficient in the microscopic theory to be 

= N* + \N[ -Ni- l -N F R = h hl {P) - Ah 2fi (P) + 2h lfi (P) - 4 . (7.10) 

Next we turn to the computation of k mtcro , - the anomaly in the spatial rotation symmetry. 19 
The chiral bosons associated with the component of the 2-form field along the M5-brane world- 
volume are neutral under SU(2) and hence cannot contribute to the SU(2) anomaly. The 
non-chiral bosons of course also do not contribute to the SU(2) anomaly. The iV^ right- 
moving fermions are doublets of SU(2) and give a contribution of N^/A to k mtcro whereas the 
N[ left-moving fermions are also doublets of SU(2) and give a contribution of —N[/4. Thus 
the net contribution to k^ lcro is given by 

kT ro Nl) = h2fi {P) - h lfi (P) + 1 . (7.11) 



Using Q, (TTTOD and ( [TTID we get 



C/7 = c 7al° + 6fc ™ = Ki(P) + 2^2,o(P) - 4h lfi (P) + 2 = X (P) ■ (7.12) 
This agrees with the microscopic result for c^jj given in ( |6.8| ). 



3 Note that in this case there is no SU(2)l symmetry since we are considering a black hole in 3+1 dimensions. 
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Note that (|7.12 ) does not agree with the microscopic central charge 



c rnicro _ j\jB _|_ = ^ ^ + 2 h 2>0 (P) + 2h lfi (P) + 2 . (7.13) 

Again the difference can be traced to the contribution from the irregular modes. For example 
there are 4/i 10 (-P) left-moving fermions which transform as doublets of the spatial SU(2) rotation 
group. Since the left-moving fermions must be neutral under the right-moving R-symmetry 
current, on these fermions the R-symmetry and spatial rotation act differently. Thus they must 
be considered as part of the irregular modes. 
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A. Chern-Simons Contribution from Higher Derivative Terms 



In this section we describe, following fg§|| , how to compute the gauge and Lorentz Chern- 
Simons terms in AdS 3 by starting with a six dimensional action and dimensionally reducing it 
on AdS 3 x S 3 . The six dimensional theory will be assumed to have metric and a 2-form field 
B as the fundamental fields, but inclusion of other fields in the discussion is straightforward. 
We shall denote by H = dB the 3-form field strength. First consider a theory with manifestly 
gauge and general coordinate invariant Lagrangian density given as a function of H, g^ u , the 
Riemann tensor and covariant derivatives of these fields. Dimensional reduction of the metric 
on S 3 produces SO (4) gauge fields. When all the fluctuating fields around the AdS 3 x S 3 
background, including these SO (4) gauge fields, are set to zero then the background 3-form 
field on AdS 3 x S 3 takes the form: 

H 3 = ~e 3 + b*e 3 , (A.l) 

where e 3 is the unit 3-sphere volume form, normalized so that f s3 e 3 = 167r 2 , * denotes Hodge 
dual in six dimensions and a and b are two constants. We shall normalize the 2-form field so 
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that J H 3 is quantized in integer units. The quantized electric and magnetic charges Q and P 
associated with this background are now defined through the equations: 



H 3 = An 2 P, (A.2) 
and 20 

/,(©-!• 

where So is the action obtained by integrating the gauge and diffeomorphism invariant la- 
grangian density over AdS 3 x S 3 . Eq.( |A.l| ) gives 

a = P. (A.4) 

b is related to Q but this relation depends on the form of the action S. 

Let us now consider the effect of switching on the fields describing fluctuations around 
the AdS 3 x S 3 background. Dimensional reduction of the metric on S 3 produces a set of 
50(4) = SU(2)l x SU(2)r gauge fields Al, Ar on AdS 3 . When these gauge fields are non-zero 
we need to replace ( |A. 1| ) by 

H 3 = 4ir 2 a (e 3 (A) - X s(A)) + b*e 3 . (A.5) 



Here e 3 (A) is 3- form on AdS 3 x S 3 defined in |88| and has the property that f s3 e 3 = 1 and 



that when the 50(4) gauge fields are set to zero e 3 reduces to e 3 /16n 2 . xs is the Chern-Simons 
term for the 50(4) gauge fields: 

X9 = ^HA R )-u{A L )) , (A.6) 

u(A) = Tr ^AAdA+^AAAAA^j . (A.7) 

The trace is taken over the fundamental representation of SU(2). Note that since j s3 e 3 = 1 and 
X3 is directed along the AdS 3 component, the background ( |A.5| ) continues to carry magnetic 
charge P = a defined via ( |A.2| ). Now one can show that e 3 (A) is invariant under 50(4) gauge 
transformation K3], but due to the presence of X3 m ( |A..5|) , H 3 is no longer gauge invariant. 
Under an 50(4) gauge transformation denoted by 5, we have 

5H 3 = -4n 2 adx2 = ~4:7i 2 Pdx2, (A.8) 



20 While regarding SS0/SH3 as a 3-form, we need to lower the indices using the e tensor as {5Sq/ SH^^p = 
(SS /6(H 3 ) a p 7 ) 
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where \i is defined via the equation: 

5 X 3 = d X 2 ■ (A.9) 
The variation of the action under this gauge transformaion is then given by 

6S = 4tt 2 P J d X2 A^^j . (A.10) 

Now since d\2 has components only along AdS^, we must pick the component of (jjj^J along 
S 3 . Using ( |A.3| ) we now get 21 



5S = 2nPQ / d X 2, (A.ll) 

JAdS 3 

which is the gauge variation of a three dimensional Chern-Simons terms 

2nPQ [ Xs = ^r- [ l-u(A L )+u(A R )}. (A.12) 

JAdS 3 47r JAdS 3 

Using the standard relation between the coefficients of the Chern-Simons terms and the level 
(k b ft lk , k b ^ lk ) of the current algebra in the boundary theory |^D, TU%, KJ3] we get from ( |A.12| ) 

k buik = k buik = pQ _ (A. 13) 

For the case of D1-D5 system in type IIB Cardy limit it follows from ( |3.2| ), (|3.4j ), (|A.2|) and 
( |A.3| ) that we have P = Q§, Q = Qi and hence PQ = QiQs- In the type IIA Cardy limit the 
system is an NS5-brane fundamental string system and we have P = Q§, Q = n and hence 
PQ = Q 5 n. 

So far we have assumed that the six dimensional Lagrangian density is gauge and diffeomor- 
phism invariant. Let us now discuss the effect of the Chern-Simons term in the six dimensional 
action of the form 

Scs = -^3 / ffsAw B (T) = i / Wo(T) A H 3 , (A.14) 

^ JAdSsxS* J Ad s 3xS 3 

where T is the six- dimensional spin connection, and u v (T) is the Lorentz Chern-Simons term 

co v (T) = Tr v (r A dr + |r a r A rj , (A.15) 

the trace being taken over the vector representation of 5*0(6). For field configurations of the 
type we are considering we have 

w„(r) = uj v (T AdS3 ) + u v (A), (A. 16) 



21 We are using the sign convention that f AdS:jXS 3 BacISs A A s a = (J s3 As3)(f AdS ^AdS 3 ) for 3-forms A and 
B on S 3 and AdS3 respectively. 
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where TAdS 3 denotes the spin connection in AdSs and A denotes the 5*0(4) gauge fields associ- 
ated with the compactification on S 3 . After integrating over S 3 the Chern-Simons term ( [A.14Q 
reduces to 



in 



P [ [u v (T AdS3 ) + u v (A)] . (A.17) 

JAdSs 

Now the gauge field A can be decomposed into SU(2)l and SU(2) R parts Al and Ar, and the 
trace over the vector representation of SO (4) will give twice the trace over the fundamental 
representation of SU(2) L and SU(2) R . This enables us to write ( |A.17| ) as 



AdS 3 



—u v (T AdS3 ) + -^u(A R ) + ~—u{A Ll 



(A.18) 



where in computing u(A RL ) = Tif (A LR A dA LR + §Al,.r A Al,r A Al,r) we compute the 
trace in the fundamental representation. Using the standard relation between the Chern-Simons 
coefficients and the central charges |104| , [105|| we now get the following one loop corrections 
to the various central charges: 

Ac b ^ v = 12/3P, Ak^ lk = PP, Ak^ lk = -PP . (A. 19) 

Finally we shall briefly discuss possible effect of Chern-Simons terms on the definition of the 
charges. For this we note first that the correct definition of the electric and magnetic charges 
is via eq. ( |A.2| ) and ( |A.3p , but with the S 3 located at infinity instead of in the intermediate 



AdS% region. Thus the question is whether the value of the integrals change as we move the 
integration surface from the intermediate AdS% region to asymptotic infinity. Since H 3 = dB, 
the integral ( |A.2| ) does not change. On the other hand due to the presence of the Chern-Simons 
term in the action we have from the equation of motion of B, 

d {w) K Tr(jR A ^ ' (A ' 20) 

where R is the six dimensional Riemann tensor. Since the topology of the region bounded by 
asymptotic infinity and the intermediate AdS3 geometry has the form of ft x S 3 , integral of 
Tr(R A R) over this region vanishes. Thus we see that the presence of the Chern-Simons term 
does not change the definition of the electric charge either. 22 



22 Note that if instead we place the system at the center of Taub-NUT space to get a four dimensional black 
holcj98j, then the near horizon geometry and hence the entropy remains the same, but the charge of the system 
receives an additional contribution from the Chern-Simons term]68[]. This can be seen in two ways; by integrating 
Tr(R A R) between the horizon and the asymptotic space, or by dimensionally reducing the action on a circle 
so that the Chern-Simons term takes a covariant form and the contribution of this term to the charge can be 
calculated using the entropy function formalism. 
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B. Asymptotic Expansion 



In this appendix we shall analyze carefully the behavior of the index associated with the Dl- 
D5-p system in various limits and check that possible corrections to the results derived in §|5] 
are indeed subleading. Our starting point is the integral representation for the index 

d micr o(n,Q 1 ,J) = (-l) J+1 [dpi f dax [ dv ie -^ + ^ +J ^ f(p,a,v) , (B.l) 

Jo Jo Jo 

where (p, a, v) = (p\ + ip%,o\ + 20 2 ,t>i + iv 2 ) are three complex parameters and f(p,a,v) = 
(e™ — e _7 ™) 4 ?7(p) 24 /$io(p, 0, v ) for five dimensional black holes and l/$io(p, 0, v) for four 
dimensional black holes. While carrying out this integral we fix (p 2 , 02,^2) at 

p 2 = A ,-Sl , 2 = A ; , V2 = -A — ■= J (B.2) 

y/AnQi - J 2 ' yJknQ x - J 2 2 y /AnQ 1 - J 2 

where A is a large positive number. For four dimensional black holes this choice gives the 
degeneracy of single centered black holes |T7| . 
We now consider a family of contours 

P 2 = A =, 0"2 = A =, t>2 = —A = , (•D.d) 

y /AnQ 1 - J 2 ' - J 2 2 y /AnQ 1 - J 2 

where A is a real number. At A = A we recover the original contour. But we now deform 
the contour by reducing A. As long as the contour does not cross any pole of the integrand 
the value of the integral remains unchanged. Now the poles of the integrand are given by the 
divisors of the function $ 10 (p, 0, t>) which are the surfaces 

n 2 (pcr — v 2 ) + jv + n\o — m\p + m 2 = , (B.4) 

where j is any odd integer and the 5 integers (mi, m 2 , n\, n 2 , j) are constrained to satisfy 

j 2 + A(mxni + m 2 n 2 ) - 1 = . (B.5) 

n 2 can be chosen to be non-negative. The intersection of the codimension 3 subspace given in 
( B.3 ) and the codimension 2 subspace given in ( |B.4|) describes a one dimensional curve in the 



six dimensional space spanned by (p, a, v). For fixed (p 2 , 02,^2) it is an easy exercise to find 
this curve in the (pi,0"i,fi) space and we arrive at the result: 

«i 1 / ( m A o ( j 

Pi = P2 Ki -2v 2 \v 1 



ri2 02 I V n 2 J V 2n 2, 

P2 ( mA 2 ( j \ 2 v 2 ( mA ( j \ 1 2 , 



(B.6) 
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The last equation describes an ellipse in the (ai,Vx) plane for (p 2 a 2 — t> 2 ) < (4nf) 2 and has no 
solution otherwise. Using ( p.3|) the condition for the absence of a solution to ( p.6|) reduces to 

A > — . (B.7) 

n 2 

This shows that as long as A is larger then 1, none of the poles of the integrand intersect the 
contour and hence the integral will have the same value for all A > 1. We shall however deform 
the contour to A = | + e where e is a small positive number. During the deformation of A from 
A to | + e the contour crosses the n 2 = 1 poles. The contribution from the residue at this pole 
was analyzed in §|5|. 23 Our goal will be to analyze the contribution from the contour at A = | + e 
and argue that this integral is subdominant compared to the residue at the n 2 = 1 pole. 

Our strategy will be to estimate each term appearing in the integrand separately and then 
multiply the results to estimate the integrand. First consider the exponential factor in ( |B.1| ). 
For the choice of (p 2 , &2, v 2) given in ( |B.3| ) with A = | + e, this factor is given by 



exp 



Q + 7T y /AnQ 1 - J 2 



(B.8) 



up to a phase. 

Next consider the (e™ — e _7rw ) 4 ^(p) 24 factor that is present in the five dimensional index. 
Since for (|B.3| ) \e KW — e~ mv \ A ~ 1 and \i](p)\ < 1, we can drop this while estimating an upper 



bound for the integrand. This will allow us to study the corrections to the four and the five 
dimensional degeneracies together since they differ only due to the presence of the r](p) 24 factor. 
This will also have the advantage that for the five dimensional black holes once we estimate 
the correction term in the type IIB Cardy limit, we can get the result for the type IIA Cardy 
limit by exchanging n and Q\ since the only term in the integral that breaks this symmetry is 
the rj(p) 24: factor. 

Finally we turn to an estimate of l/$io- On the subspace (|B.3|) p 2 o~ 2 — v 2 is finite, but in 



the two limits we are interested in, either p 2 or 02 becomes small. We do not have a way to 
find a direct estimate of $10 in this region; so we shall use an intuitive reasoning. First of all 
note that if A = l/n 2 then the equations ( |B.3| ), ( |B.6| ) have a unique solution: 

i rii .if +r| mi j n 

p= , = 1 1 , v = 1 . (t>-9) 

2n 2 r 2 n 2 2n 2 r 2 n 2 2n 2 2n 2 r 2 

where 



J 4nQt - J' 



23 For 122 = 1 we can use the three shift symmetries p — > p+1, a — > cr+1 and v — > v+1 to set n\ = m\ = m,2 = 
andj = l §. 
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This represents the unique point on the surface ( |B.3|) with A = l/n 2 which also lies on the 
divisor ( p.4|) . Thus l/$io diverges there. For A = ^ + e the surface ( |B.3|) does not intersect 
the divisor ( P-4j) , but for sufficiently small e the two subspaces come close near a point near 
( |B.9| ). Since l/$io has a double pole near the divisor ( |B.4| ) we expect that as we move along 
( |B.3| ), 1/| $10 1 reaches a local maximum near the point of closest approach to the divisor ( [B . 4j ) , 
which in turn is close to ( |B.9j ). Assuming that the dominant contribution to the integral comes 
from near this local maximum, we can estimate l/$io by its behavior near this divisor. This 



was analyzed in |53|, |54| . We shall here follow the notation of |5J] where the analysis was carried 
out for general value of n 2 . The analysis uses the fact that all the divisors lie in an orbit of 
Sp(2,Z) under which the $10 is a Siegel modular form of weight 10. At the diagonal divisor 
v = 0, 

' ' ' O(v ) . (B.ll) 



1 



$io(p, er, v) An 2 v 2 r] 24 (p) r) 24 (a r 

One then finds the explicit Sp(2, Z) transformation which maps the divisor v = to the generic 
divisor ( p.4|) , and then uses the modular property of the function $10 to find the residue at the 
generic pole. Thus near such a generic pole we shall have 

1 1 



\$ w (p,cr,v)\ 



H v M (pc 



exp[-21n|v | - 241n|?7(po)^(cro)|] 



(B.12) 



where (po,co,t>o) are related to (p, a, v) by this specific Sp(2, Z) transformation. In writing 
( |B.12| ) we have ignored some additional factors related to the modular weight of $i , but they 
do not affect the estimate to leading order. The dominant contribution to the exponent comes 
from the —24 In |^(po) ? ?(c"o)| terms. Thus our goal will be to estimate this term. For sufficiently 
small e we can estimate this by evaluating po an d cr at the point (|B.9|) . This in turn requires 
knowing the Sp(2, 7L) transformation that relates (p,a,v) to (p ,<7o,fo)- 

Before we proceed we need to define some number theoretic quantities. First, define r = 
gcd(ni,ri2), so we can write r = k-tfii — k\U2 for some ki,k2 € 'Z. Since ( |B.5|) is satisfied, r 
must divide (j 2 — l)/4. We can then uniquely decompose r = rir 2 into a product of relatively 
prime factors, where r\ divides (j + l)/2 and r 2 divides (j — l)/2. In this convention the result 
of p4J for (po,cro) are 



Po = 81 H (-Ti + ir 2 ), 

n 2 



o"o = 5 2 H (ri + iT 2 ) 

n 2 



(B.13) 



where 8\ and 82 are constants determined in terms of m^n^j. In the type IIB Cardy limit we 



get from (|B.10|) that r 2 is large. In this limit we get 



\ri- 2 \po)r 2 \°o) 



exp 



2tt 

— (r 2 + r 2 )r 2 
n2 







UnQ 1 - J 2 


~ exp 


— (r 2 + r 2 2 )i 
n 2 ' 


/ 4Q? 



(B.14) 
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Let us now focus on the case ri2 = 2 since our goal is to estimate the integrand on the contour 
A = \ + e. Since r x r 2 is a divisor of n 2 , for n 2 = 2 we have r\ + r\ < 5. Thus ( p,14|) gives 



-24/ 



< 



57T1 



'4nQi - J 2 



4g? 



(B.15) 



\rj (po)r}~~'^<>)\ <^P 
The result for the type IIA Cardy limit may be obtained by exchanging Qi and n in ( B.15 ): 

(B.16) 



< 



V (Po)v (°o)| exp 



57T 



4nQi - J 2 



An 2 



Combining ( |B.8| ) with (|B.15| ), ( |B.16| ) we arrive at the following estimates for the correction 
fidmicro to the index d m i cro at A = \ + e. In the type IIB Cardy limit we have 



3d m i cro exp 
and in the type IIA Cardy limit 

^^micro exp 



~ + e) vr v^nQi - J 2 + 5 



7T4 



'4ngi - J 2 



- + e ) 7T V4nQ! - J 2 + 5vr 



4ngx - J 2 
An 2 



(B.17) 



(B.18) 



Comparing ( |B.17|) with the result given in (|5.19|) we see that the correction terms are smaller 
than (fTp if 

* ' ' ' (B.19) 



Ql '^ >1 2y Ql -^ + 2Q 1 



This holds for Qi > 5. Similarly comparing (|B.18| ) with the result given in (|5.26|) we see that 
the correction terms are subdominant in the region: 



(n + 3) 1 - 



J 2 



> - \ l n - 



4(n-l)Qi. 

This can be easily satisfied for example by requiring 

J 2 



J 2 



5 

2n 



n — 



J 2 



n 



4Qi 



> 7. 



(B.20) 



(B.21) 



Neither of these are the best bounds possible, particularly since we have dropped the (^(p)) 24 
factor from the integrand in estimating the correction term. However this analysis shows the 
existence of the constants K±, K<i appearing in the definition of the type IIB and type IIA 
Cardy limits beyond which our result for the asymptotic behavior of the microscopic index 
holds. Finally the leading contribution to the four dimensional index in the n — > oo limit, given 
in (|5.33|) , is always larger than the five dimensional index (|5.19| ) in the type IIB Cardy limit, 
and hence will dominate over the correction given in ( p,17|) when Qi > 5. 
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